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Notations

To enhancethereadabilitythenotationsusedthroughoutthetext aresummarizedhere.
For matricesboldfacefontsareused(i.e.

�
). 4-vectorsarerepresentedby � and3-vectorsby � . Scalar

valueswill berepresentedas � .
Unlessstateddifferentlytheindices � , � and � areusedfor views,while � and � areusedfor indexing

points,linesor planes.The notation
�
	��

indicatesthe entity
�

which relatesview � to view � (or going
from view � to view � ). Theindices � ,� and � will alsobeusedto indicatetheentriesof vectors,matrices
andtensors.Thesubscripts
 , � , � and � will refer to projective, affine, metricandEuclideanentities
respectively�

cameraprojectionmatrix ( ����� matrix)�
world point (4-vector)�
world plane(4-vector)� imagepoint (3-vector)�
imageline (3-vector)���	��
homographyfor plane

�
from view � to view � ( ����� matrix)� � 	 homographyfrom plane
�

to image� ( ����� matrix)�
fundamentalmatrix ( ����� rank2 matrix) 	�� epipole(projectionof projectioncenterof viewpoint � into image� )!
trifocal tensor( �����"��� tensor)#
calibrationmatrix ( ����� uppertriangularmatrix)$
rotationmatrix�&%
planeat infinity (canonicalrepresentation:')(+* ),
absoluteconic
(canonicalrepresentation:-/.10324.10657.8(+* and '9(+* ),7:
absolutedualquadric( �;�
� rank3 matrix)< % absoluteconicembeddedin theplaneat infinity ( �"��� matrix)< :% dualabsoluteconicembeddedin theplaneat infinity ( ����� matrix)< imageof theabsoluteconic( �"��� matrices)< : dualimageof theabsoluteconic( �"��� matrices)= equivalenceup to scale( � =+>@?BA&CED(F*"GH�+( CI> )J � JLK
indicatestheFrobeniusnormof

�
(i.e. M 	N� �O.	�� )�QP ��R

indicatesthematrix
�

scaledto haveunit Frobeniusnorm
(i.e. ST S T K )�
U
is thetransposeof

��WVYX
is theinverseof

�
(i.e.

�
� VYX ( �ZV[X\� (+] )�
^
is theMoore-Penrosepseudoinverseof

�
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Chapter 1

Intr oduction

In recentyearscomputergraphicshasmadetremendousprogressin visualizing3D models.Many tech-
niqueshavereachedmaturityandarebeingportedto hardware.Thisexplainsthatin theareaof 3D visual-
izationperformanceis increasingevenfasterthanMoore’s law1. Whatrequireda million dollar computer
a few yearsagocannow beachievedby agamecomputercostingafew hundreddollars.It is now possible
to visualizecomplex 3D scenesin realtime.

This evolution causesan importantdemandfor morecomplex andrealisticmodels. The problemis
that even thoughthe tools that areavailable for three-dimensionalmodelingaregettingmoreandmore
powerful, synthesizingrealisticmodelsis difficult andtime-consuming,andthusvery expensive. Many
virtual objectsareinspiredby real objectsandit would thereforebe interestingto be ableto acquirethe
modelsdirectly from therealobject.

Researchershave beeninvestigatingmethodsto acquire3D informationfrom objectsandscenesfor
many years. In the past the main applicationswere visual inspectionand robot guidance. Nowadays
however theemphasisis shifting. Thereis moreandmoredemandfor 3D contentfor computergraphics,
virtual reality andcommunication.This resultsin a changein emphasisfor the requirements.Thevisual
quality becomesoneof themainpointsof attention.Thereforenot only thepositionof a smallnumberof
pointshaveto bemeasuredwith highaccuracy, but thegeometryandappearanceof all pointsof thesurface
have to bemeasured.

The acquisitionconditionsandthe technicalexpertiseof the usersin thesenew applicationdomains
canoften not be matchedwith the requirementsof existing systems.Theserequireintricatecalibration
proceduresevery time the systemis used. Thereis an importantdemandfor flexibility in acquisition.
Calibrationproceduresshouldbeabsentor restrictedto a minimum.

Additionally, theexisting systemsareoftenbuilt aroundspecializedhardware(e.g. laserrangefinders
or stereorigs) resultingin a high costfor thesesystems.Many new applicationshowever requirerobust
low costacquisitionsystems.This stimulatesthe useof consumerphoto-or video cameras.The recent
progressin consumerdigital imagingfacilitatesthis. Moore’s law alsotells usthatmoreandmorecanbe
donein software.

Dueto theconvergenceof thesedifferentfactors,many techniqueshave beendevelopedover the last
few years.Many of themdo not requiremorethana cameraanda computerto acquirethree-dimensional
modelsof realobjects.

Thereareactiveandpassive techniques.Theformeronescontrolthelighting of thescene(e.g.projec-
tion of structuredlight) which on theonehandsimplifiestheproblem,but on theotherhandrestrictsthe
applicability. The latteronesareoftenmoreflexible, but computationallymoreexpensive anddependent
on thestructureof thesceneitself.

Someexamplesof state-of-the-artactive techniquesarethe simpleshadow-basedapproachproposed
by BouguetandPerona[10] or thegrid projectionapproachproposedby Proesmansetal. [123, 130] which
is ableto extract dynamictextured3D shapes(this techniqueis commerciallyavailable,see[130]). For
thepassive techniquesmany approachesexist. Themaindifferencesbetweentheapproachesconsistof the

1Moore’s law tellsusthatthedensityof silicon integrateddevicesroughlydoublesevery 18months.

1



2 CHAPTER1. INTRODUCTION

Figure1.1: An imageof a scene

requiredlevel of calibrationandtheamountof interactionthatis required.
For many yearsphotogrammetry[134] hasbeendealingwith the extractionof high accuracy mea-

surementsfrom images.Thesetechniquesmostly requirevery precisecalibrationandthereis almostno
automation.Thedetailedacquisitionof modelsis thereforevery time consuming.Besidesthetoolsavail-
ablefor professionals,somesimplertoolsarecommerciallyavailable(e.g.PhotoModeler[95]).

Sincea few yearsresearchersin computervision have tried to both reducethe requirementsfor cali-
brationandaugmenttheautomationof theacquisition.Thegoal is to automaticallyextracta realistic3D
modelby freelymoving acameraaroundanobject.

An early approachwas proposedby Tomasiand Kanade[146]. They usedan affine factorization
methodto extract3D from imagesequences.An importantrestrictionof this systemis theassumptionof
orthographicprojection.

Anothertypeof systemstartsfrom anapproximate3D modelandcameraposesandrefinesthemodel
basedon images(e.g. Facadeproposedby Debevecet al. [22, 145]). The advantageis that lessimages
arerequired.On theotherhandapreliminarymodelmustbeavailableandthegeometryshouldnot betoo
complex.

In this text it is explainedhow a 3D surfacemodelcanbe obtainedfrom a sequenceof imagestaken
with off-the-shelfconsumercameras.Theuseracquiresthe imagesby freely moving the cameraaround
theobject.Neitherthecameramotionnor thecamerasettingshave to beknown. Theobtained3D model
is a scaledversionof theoriginal object(i.e. a metric reconstruction),andthesurfacealbedois obtained
from the imagesequenceaswell. This approachhasbeendevelopedover thelast few years[97, 99, 100,
102, 104, 108, 106, 69, 109, 110, 64, 98]. Thepresentedsystemusesfull perspectivecamerasanddoesnot
requireprior models.It combinesstate-of-the-artalgorithmsto solve thedifferentsubproblems.

1.1 3D fr om images

In thissectionwe will try to formulateananswerto thefollowing questions.Whatdo imagestell usabout
a 3D scene?How canwe get3D informationfrom theseimages?Whatdo we needto know beforehand?
A few problemsanddifficultieswill alsobepresented.

An imagelike in Figure 1.1 tells us a lot aboutthe observed scene. Thereis however not enough
informationto reconstructthe 3D scene(at leastnot without doing an importantnumberof assumptions
on thestructureof thescene).This is dueto thenatureof the imageformationprocesswhich consistsof
a projectionfrom a three-dimensionalsceneontoa two-dimensionalimage.During this processthedepth
is lost. Figure1.2 illustratesthis. Thethree-dimensionalpoint correspondingto a specificimagepoint is
constraintto beon theassociatedline of sight. Froma singleimageit is not possibleto determinewhich
pointof this line correspondsto theimagepoint. If two (or more)imagesareavailable,then-ascanbeseen
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Figure1.2: Back-projectionof a pointalongtheline of sight.

from Figure1.3- thethree-dimensionalpoint canbeobtainedasthe intersectionof thetwo line of sights.
Thisprocessis calledtriangulation.Note,however, thatanumberof thingsareneededfor this:_ Correspondingimagepoints_ Relativeposeof thecamerafor thedifferentviews_ Relationbetweentheimagepointsandthecorrespondingline of sight

Therelationbetweenanimagepointandits line of sightis givenby thecameramodel(e.g.pinholecamera)
andthecalibrationparameters.Theseparametersareoftencalledtheintrinsic cameraparameterswhile the
positionandorientationof thecameraarein generalcalledextrinsic parameters.In thefollowing chapters
we will learnhow all theseelementscanbe retrievedfrom the images.Thekey for this arethe relations
betweenmultiple views which tell us that correspondingsetsof pointsmustcontainsomestructureand
thatthis structureis relatedto theposesandthecalibrationof thecamera.

Note thatdifferentviewpointsarenot the only depthcuesthatareavailablein images.In Figure1.4
someotherdepthcuesareillustrated.Althoughapproacheshave beenpresentedthatcanexploit mostof
these,in this text we will concentrateon theuseof multiple views.

In Figure1.5 a few problemsfor 3D modelingfrom imagesare illustrated. Most of theseproblems
will limit theapplicationof thepresentedmethod.However, someof theproblemscanbe tackledby the
presentedapproach.Anothertype of problemsis causedwhenthe imagingprocessdoesnot satisfy the
cameramodel that is used. In Figure1.6 two examplesaregiven. In the left imagequite someradial
distortionis present.This meansthat the assumptionof a pinholecamerais not satisfied. It is however
possibleto extendthemodelto take thedistortioninto account.Theright imagehowever is muchharder
to usesincean importantpart of the sceneis not in focus. Thereis alsosomeblooming in that image
(i.e. overflow of CCD-pixel to thewholecolumn).Most of theseproblemscanhoweverbeavoidedunder
normalimagingcircumstance.

1.2 Overview

Thepresentedsystemgraduallyretrievesmoreinformationaboutthesceneandthecamerasetup.Images
containa hugeamountof information(e.g. `baHc��edgfih color pixels). However, a lot of it is redundant
(which explainsthesuccessof imagecompressionalgorithms).Thestructurerecoveryapproachesrequire
correspondencesbetweenthedifferentimages(i.e. imagepointsoriginatingfrom the samescenepoint).
Dueto thecombinatorialnatureof this problemit is almostimpossibleto work on theraw data.Thefirst
stepthereforeconsistsof extractingfeatures.The featuresof different imagesarethencomparedusing
similarity measuresand lists of potentialmatchesareestablished.Basedon thesethe relationbetween
theviews arecomputed.Sincewrongcorrespondencescanbepresent,robustalgorithmsareused.Once
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Figure1.3: Reconstructionof three-dimensionalpoint throughtriangulation.

Figure1.4: Shading(top-left), shadows/symmetry/silhouette(top-right), texture (bottom-left)and focus
(bottom-right)alsogivesomehintsaboutdepthor localgeometry.
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Figure 1.5: Somedifficult scenes:moving objects(top-left), complex scenewith many discontinuities
(top-right),reflections(bottom-left)andanotherhardscene(bottom-right).

Figure 1.6: Someproblemswith imageacquisition: radial distortion (left), un-focussedand blooming
(right).
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consecutive views have beenrelatedto eachother, the structureof the featuresand the motion of the
camerais computed.An initial reconstructionis thenmadefor thefirst two imagesof thesequence.For
the subsequentimagesthe cameraposeis estimatedin the framedefinedby the first two cameras.For
every additional imagethat is processedat this stage,the featurescorrespondingto points in previous
imagesare reconstructed,refinedor corrected. Thereforeit is not necessarythat the initial pointsstay
visible throughouttheentiresequence.Theresultof thisstepis areconstructionof typically a few hundred
featurepoints.Whenuncalibratedcamerasareusedthestructureof thesceneandthemotionof thecamera
is only determinedup to an arbitraryprojective transformation.The next stepconsistsof restrictingthis
ambiguityto metric(i.e. Euclideanup to anarbitraryscalefactor)throughself-calibration.In a projective
reconstructionnotonly thescene,but alsothecamerais distorted.Sincethealgorithmdealswith unknown
scenes,it hasno way of identifying this distortion in the reconstruction.Although the camerais also
assumedto beunknown, someconstraintson the intrinsic cameraparameters(e.g. rectangularor square
pixels, constantaspectratio, principal point in the middle of the image,...) canoften still be assumed.
A distortionon the cameramostly resultsin the violation of oneor moreof theseconstraints.A metric
reconstruction/calibrationis obtainedby transformingtheprojectivereconstructionuntil all theconstraints
on thecamerasintrinsic parametersaresatisfied.At this point enoughinformationis availableto go back
to the imagesandlook for correspondencesfor all theotherimagepoints. This searchis facilitatedsince
the line of sight correspondingto an imagepoint canbe projectedto otherimages,restrictingthe search
rangeto onedimension. By pre-warpingthe image-this processis calledrectification-standardstereo
matchingalgorithmscanbe used. This stepallows to find correspondencesfor mostof the pixels in the
images. From thesecorrespondencesthe distancefrom the pointsto the cameracentercanbe obtained
throughtriangulation. Theseresultsarerefinedandcompletedby combiningthe correspondencesfrom
multiple images. Finally all resultsare integratedin a textured3D surfacereconstructionof the scene
underconsideration.Themodelis obtainedby approximatingthedepthmapwith a triangularwire frame.
Thetextureis obtainedfrom theimagesandmappedontothesurface.An overview of thesystemsis given
in Figure1.7.

Throughoutthe restof thetext thedifferentstepsof themethodwill beexplainedin moredetail. An
imagesequenceof theArenberg castlein Leuvenwill beusedfor illustration. Someof theimagesof this
sequencecanbeseenin Figure1.8.Thefull sequenceconsistsof 24 imagesrecordedwith avideocamera.

Structur eof the notes Chapter2 and3 givethegeometricfoundationto understandtheprinciplesbehind
the presentedapproaches.The former introducesprojective geometryandthe stratificationof geometric
structure. The latter describesthe perspective cameramodel andderives the relationbetweenmultiple
views. Theseareat thebasisof thepossibility to achieve structureandmotion recovery. This allows the
interestedreaderto understandwhat is behindthetechniquespresentedin theotherchapters,but canalso
beskipped.

Chapter4 dealswith theextractionandmatchingof featuresandtherecoveryof multipleview relations.
A robusttechniqueis presentedto automaticallyrelatetwo views to eachother.

Chapter5 describeshow startingfrom therelationbetweenconsecutiveimagesthestructureandmotion
of the wholesequencecanbe built up. Chapter6 briefly describessomeself-calibrationapproachesand
proposesa practicalmethodto reducetheambiguityon thestructureandmotionto metric.

Chapter7 is concernedwith computingcorrespondencesfor all the imagepoints. First an algorithm
for stereomatchingis presented.Thenrectificationis explained.A generalmethodis proposedwhich can
transformevery imagepair to standardstereoconfiguration.Finally, a multi-view approachis presented
which allows to obtaindenserdepthmapsandbetteraccuracy.

In Chapter8 it is explainedhow theresultsobtainedin thepreviouschapterscanbecombinedto obtain
realisticmodelsof theacquiredscenes.At this point a lot of informationis availableanddifferenttypes
of modelscanbecomputed.Thechapterdescribeshow to obtainsurfacemodelsandothervisualmodels.
Thepossibilityto augmentavideosequenceis alsopresented.
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Figure1.7: Overview of thepresentedapproachfor 3D modelingfrom images
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Figure1.8: Castlesequence: thissequenceis usedthroughoutthetext to illustratethedifferentstepsof the
reconstructionsystem.



Chapter 2

Projectivegeometry

jkjljnm<1oqp&r1sut CvCvwyxbz|{tn} x�~ r��br�oq�Ht w , {w oq�Yr z } xbz mx p w pO< {xbC <Esut w }Yt z p wY~HwyxHw o[r w m�O�[�Yr zgxb� p&r��[r�<��Yr�pg�Ot wy�sut w �[�
“ jljkj experienceprovesthatanyonewhohasstudiedgeometryis infinitely quickerto graspdifficult subjects
thanonewho hasnot.”
Plato- TheRepublic,Book 7, 375B.C.

Thework presentedin this text draws a lot on conceptsof projective geometry. This chapterandthe
next oneintroducemostof thegeometricconceptsusedin the restof the text. This chapterconcentrates
on projective geometryand introducesconceptsas points, lines, planes,conicsand quadricsin two or
threedimensions. A lot of attentiongoesto the stratificationof geometryin projective, affine, metric
andEuclideanlayers.Projectivegeometryis usedfor its simplicity in formalism,additionalstructureand
propertiescanthenbe introducedwereneededthroughthis hierarchyof geometricstrata. This section
was inspiredby the introductionson projective geometryfound in Faugeras’book [29], in the book by
Mundy andZisserman(in [89]) andby thebookon projective geometryby SempleandKneebone[129].
A detailedaccounton thesubjectcanbefoundin therecentbookby Hartley andZisserman[54].

2.1 Projectivegeometry

A point in projective � -space,�4� , is givenby a
P �403f R -vectorof coordinates�"(�� � X jkjkj � �b� X\� U . At least

oneof thesecoordinatesshoulddiffer from zero. Thesecoordinatesarecalledhomogeneouscoordinates.
In the text the coordinatevectorandthe point itself will be indicatedwith the samesymbol. Two points
representedby

P ��0@f R -vectors� and � areequalif andonly if thereexists a nonzeroscalar C suchthat� 	 ( CI� 	 , for every � P fQ�3������0�f R . This will beindicatedby � = � .
Oftenthepointswith coordinate� �b� X (�* aresaidto beat infinity. This is relatedto theaffine space� � . Thisconceptis explainedmorein detail in section2.2.
A collineation is a mappingbetweenprojective spaces,which preserves collinearity (i.e. collinear

points are mappedto collinear points). A collineationfrom �4� to �4� is mathematicallyrepresented
by a

P ��0Ff R � P � 0+f R -matrix
�

. Pointsaretransformedlinearly: ��¡¢£�g¤ = � � . Observe thatmatrices�
and C � with C anonzeroscalarrepresentthesamecollineation.
A projectivebasisis theextensionof a coordinatesystemto projectivegeometry. A projectivebasisis

a setof ��0¥h pointssuchthatno ��0¦f of themarelinearly dependent.Theset  ¨§ (©� * jljkj f jkjkj * � U for
every � P f;���ª�«��0«f R , where1 is in the � th positionand  �b�Y. (¬�­f1f jkjlj f � U is thestandardprojective
basis.A projectivepointof �4� canbedescribedasalinearcombinationof any �®0¯f pointsof thestandard
basis.For example: � ( �b� X° §­± X C §  §
It canbeshown [31] thatany projective basiscanbe transformedvia a uniquelydeterminedcollineation

9
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into thestandardprojectivebasis.Similarly, if two setof points � Xi² jljkj ² � �b�Y. and � ¤ X ² jkjkj ² � ¤�b�Y. bothform
a projective basis,thenthereexistsa uniquelydeterminedcollineation

!
suchthat � ¤§ = ! �u§ for every �P fQ�6�����³0Wh R . Thiscollineation

!
describesthechangeof projectivebasis.In particular,

!
is invertible.

2.1.1 The projective plane

Theprojectiveplaneis theprojectivespace�4. . A point of �4. is representedby a 3-vector � (´� � ��µ � U .
A line

�
is alsorepresentedby a 3-vector. A point � is locatedon a line

�
if andonly if� U � (F* j (2.1)

Thisequationcanhoweveralsobeinterpretedasexpressingthattheline
�

passesthroughthepoint � . This
symmetryin theequationshowsthatthereis noformaldifferencebetweenpointsandlinesin theprojective
plane.This is known astheprincipleof duality. A line

�
passingthroughtwo points �q¶ and �v· is givenby

their vectorproduct� X � � . . Thiscanalsobewrittenas� = � � X �¹¸ � . with � � X �º¸ ( »¼ * µ X ½ � X½ µ X * � X� X ½ � X *
¾¿ j (2.2)

Thedualformulationgivestheintersectionof two lines.All thelinespassingthroughaspecificpoint form
apencilof lines. If two lines

� X and
� . aredistinctelementsof thepencil,all theotherlinescanbeobtained

throughthefollowing equation: � =�C X � X 0 C . � . (2.3)

for somescalarsC X and C . . Notethatonly theratio À�ÁÀÃÂ is important.

2.1.2 Projective3-space

Projective3Dspaceis theprojectivespace�4Ä . A pointof �4Ä is representedbya4-vector
� (@� -@2�5W' � U .

In �4Ä thedualentity of a point is a plane,which is alsorepresentedby a 4-vector. A point
�

is locatedon
a plane

�
if andonly if � U � (F* j (2.4)

A line canbe given by the linear combinationof two points C X � X 0 C . � . or by the intersectionof two
planes

� X�Å � . .
2.1.3 Transformations

Transformationsin theimagesarerepresentedby homographiesof � . ¢Æ� . . A homographyof � . ¢Ç� .
is representedbya �n�ª� -matrix

�
. Again

�
and C � representthesamehomographyfor all nonzeroscalarsC . A point is transformedasfollows: � ¡¢ � ¤ = � � j (2.5)

The correspondingtransformationof a line canbe obtainedby transformingthe pointswhich areon the
line andthenfinding theline definedby thesepoints:� ¤ U � ¤ ( � U � VYX � � ( � U � (+* j (2.6)

Fromthepreviousequationthetransformationequationfor aline iseasilyobtained(with
� V[U ( PÈ� VYXLR�U (PÈ� U1R�V[X

): � ¡¢ � ¤ = � VqU � (2.7)

Similarreasoningin �4Ä givesthefollowing equationsfor transformationsof pointsandplanesin 3D space:� ¡¢ � ¤ = ! � ² (2.8)� ¡¢ � ¤ = ! VqU � (2.9)

where
!

is a �;�
� -matrix.
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2.1.4 Conicsand quadrics

Conic A conic in �4. is thelocusof all points � satisfyingahomogeneousquadraticequation:É P � R ( � U1Ê � (�* ² (2.10)

where
Ê

is a ���W� symmetricmatrix only definedup to scale.A conicthusdependson five independent
parameters.

Dual conic Similarly, thedualconceptexistsfor lines.A conicenvelopeor dual conic is thelocusof all
lines

�
satisfyingahomogeneousquadraticequation:� U Ê : � (+* ² (2.11)

where
Ê :

is a �
�¯� symmetricmatrix only definedup to scale.A dual conic thusalsodependson five
independentparameters.

Line-conic intersection Let � and � ¤ be two pointsdefininga line. A point on this line can thenbe
representedby � 0 C � ¤ . Thispoint lieson aconic

É
if andonly ifÉ P � 0 C � ¤ R (+* ²

which canalsobewrittenas É P � R 0�h C É P � ² � ¤ R 0 C . É P � ¤ R (F* ² (2.12)

where É P � ² � ¤ R ( � U Ê � ¤ ( É P � ¤ ² � R
Thismeansthata line hasin generaltwo intersectionpointswith aconic.Theseintersectionpointscanbe
realor complex andcanbeobtainedby solvingequation(2.12).

Tangent to a conic The two intersectionpointsof a line with a conic coincideif the discriminantof
equation(2.12)is zero.ThiscanbewrittenasÉ P � ² � ¤ R ½ É P � R É P � ¤ R (+* j
If thepoint � is consideredfixed,this formsa quadraticequationin thecoordinatesof � ¤ which represents
thetwo tangentsfrom � to theconic. If � belongsto theconic,

É P � R (¦* andtheequationof thetangents
becomes É P � ² � ¤ R ( � U�Ê � ¤ (�* ²
which is linearin thecoefficientsof � ¤ . This meansthatthereis only onetangentto theconicat a point of
theconic.This tangent

�
is thusrepresentedby :� = Ê U � ( Ê � (2.13)

Relation betweenconic and dual conic When � variesalongtheconic, it satisfies� U Ê � andthusthe
tangentline

�
to the conic at � satisfies

� U Ê V[X � (Æ* . This shows that the tangentsto a conic
Ê

are
belongingto a dualconic

Ê : = Ê VYX (assuming
Ê

is of full rank).

Transformation of a conic/dual conic The transformationequationsfor conicsanddual conicsunder
a homography

�
canbe obtainedin a similar way to Section2.1.3. Using equations(2.5) and(2.7) the

following is obtained: � ¤ U�Ê ¤ � ¤ = � U � U � V[U�Ê � VYX � � (+* ²� ¤ U1Ê : ¤ � ¤ = � U � V[X � Ê : � U � V[U � (�* ²
andthus Ê ¡¢ Ê ¤ = � VqU Ê � VYX (2.14)Ê : ¡¢ Ê : ¤ = � Ê : � U (2.15)

Observethat(2.14)and(2.15)alsoimply that
P Ê ¤ R : ( P Ê : R ¤ .
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Quadric In projective 3-space�4Ä similar conceptsexist. Thesearequadrics.A quadric is the locusof
all points

�
satisfyinga homogeneousquadraticequation:� U1Ë � (�* ² (2.16)

where
Ë

is a �Ì�Í� symmetricmatrixonly definedupto scale.A quadricthusdependsonnineindependent
parameters.

Dual quadric Similarly, thedual conceptexists for planes.A dual quadric is the locusof all planes
�

satisfyingahomogeneousquadraticequation: � U Ë : � (+* (2.17)

where
Ë :

is a ����� symmetricmatrixonly definedup to scaleandthusalsodependson nineindependent
parameters.

Tangentto a quadric Similar to equation(2.13),thetangentplane
�

to aquadric
Ë

throughapoint
�

of
thequadricis obtainedas � ( Ë � j (2.18)

Relation betweenquadric and dual quadric When
�

variesalongthe quadric,it satisfies
� U Ë �

and
thusthetangentplane

�
to
Ë

at
�

satisfies
� U Ë VYX � (@* . This shows that thetangentplanesto a quadricË

arebelongingto adualquadric
Ë : = Ë VYX (assuming

Ë
is of full rank).

Transformation of a quadric/dual quadric Thetransformationequationsfor quadricsanddualquadrics
undera homography

!
canbeobtainedin a similar way to Section2.1.3.Usingequations(2.8)and(2.9)

thefollowing is obtained � ¤ U Ë ¤ � ¤ = � U ! U ! VqU Ë ! V[X ! � (+*� ¤ U Ë : ¤ � ¤ = � U ! VYX ! Ë : ! U ! VqU � (+*
andthus Ë ¡¢ Ë ¤ = ! VqU Ë ! VYX (2.19)Ë : ¡¢ Ë : ¤ = ! Ë : ! U (2.20)

Observeagainthat
P Ë ¤ R : ( P Ë : R ¤ .

2.2 The stratification of 3D geometry

Usuallytheworld is perceivedasa Euclidean3D space.In somecases(e.g.startingfrom images)it is not
possibleor desirableto usethefull Euclideanstructureof 3D space.It canbeinterestingto only dealwith
thelessstructuredandthussimplerprojective geometry. Intermediatelayersareformedby theaffine and
metricgeometry. Thesestructurescanbethoughtof asdifferentgeometricstratawhichcanbeoverlaidon
theworld. Thesimplestbeingprojective,thenaffine,next metricandfinally Euclideanstructure.

This conceptof stratificationis closelyrelatedto the groupsof transformationsactingon geometric
entitiesandleaving invariantsomepropertiesof configurationsof theseelements.Attachedto theprojective
stratumis the group of projective transformations,attachedto the affine stratumis the group of affine
transformations,attachedto the metric stratumis the groupof similaritiesandattachedto the Euclidean
stratumis thegroupof Euclideantransformations.It is importantto noticethatthesegroupsaresubgroups
of eachother, e.g.themetricgroupis asubgroupof theaffinegroupandbotharesubgroupsof theprojective
group.

An importantaspectrelatedto thesegroupsaretheir invariants.An invariant is a propertyof a con-
figurationof geometricentitiesthat is not alteredby any transformationbelongingto a specificgroup.
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Invariantsthereforecorrespondto themeasurementsthatonecando consideringa specificstratumof ge-
ometry. Theseinvariantsareoftenrelatedto geometricentitieswhich stayunchanged– at leastasa whole
– underthe transformationsof a specificgroup. Theseentitiesplay an importantrole in partof this text.
Recoveringthemallows to upgradethestructureof thegeometryto a higherlevel of thestratification.

In the following paragraphsthe differentstrataof geometryarediscussed.The associatedgroupsof
transformations,their invariantsand the correspondinginvariant structuresare presented.This idea of
stratificationcanbefoundbackin [129] and[30].

2.2.1 Projectivestratum

Thefirst stratumis theprojectiveone.It is thelessstructuredoneandhasthereforetheleastnumberof in-
variantsandthelargestgroupof transformationsassociatedwith it. Thegroupof projectivetransformations
or collineationsis themostgeneralgroupof lineartransformations.

As seenin thepreviouschaptera projective transformationof 3D spacecanberepresentedby a �����
invertiblematrix !ÍÎ = »ÏÏ¼�Ð X�X Ð X . Ð X Ä Ð XºÑÐ . X Ð .�. Ð .�Ä Ð . ÑÐ Ä X Ð Ä�. Ð Ä�Ä Ð Ä ÑÐ ÑLX Ð Ñ . Ð Ñ Ä Ð Ñ�Ñ

¾­ÒÒ¿
(2.21)

This transformationmatrix is only definedup to a nonzeroscalefactorandhastherefore15 degreesof
freedom.

Relationsof incidence,collinearityandtangency areprojectively invariant.Thecross-ratiois aninvari-
antpropertyunderprojectivetransformationsaswell. It is definedasfollows: Assumethatthefour points� X ² � . ² � Ä and

� Ñ arecollinear. Thenthey canbeexpressedas
� 	 ( � 0 C 	 � ¤ (assumenoneis coincident

with
� ¤ ). Thecross-ratiois definedasÓ � XÃ² � .HÔ � Ä ² � ÑbÕ ( C X ½ C ÄC Xª½ C Ñ G C . ½ C ÄC . ½ C Ñ j (2.22)

Thecross-ratiois not dependingon thechoiceof the referencepoints
�

and
� ¤ andis invariantunderthe

groupof projective transformationsof �4Ä . A similar cross-ratioinvariantcanbe derived for four lines
intersectingin a point or four planesintersectingin acommonline.

Thecross-ratiocanin factbeseenasthecoordinateof a fourthpoint in thebasisof thefirst three,since
threepointsform a basisfor the projective line � X . Similarly, two invariantscould be obtainedfor five
coplanarpoints;and,threeinvariantsfor six points,all in generalposition.

2.2.2 Affine stratum

Thenext stratumis theaffineone.In thehierarchyof groupsit is locatedin betweentheprojectiveandthe
metricgroup.This stratumcontainsmorestructurethantheprojectiveone,but lessthanthemetricor the
Euclideanstrata.Affine geometrydiffers from projective geometryby identifying a specialplane,called
theplaneat infinity.

Thisplaneis usuallydefinedby 'Ö(�* andthus
�&% (×� *�*�*Øf � U . Theprojectivespacecanbeseenas

containingtheaffinespaceunderthemapping
� Ä®¢Ç�4Ä³Gv� -�235 � U ¡¢Ù� -�235Ef � U . This is a one-to-one

mapping.The plane 'Ú(Û* in �4Ä canbeseenascontainingthe limit pointsfor
J � J ¢)Ü , sincethese

pointsare �uÝTyÞlT�ßTyÞlT«àTyÞlT XTyÞlT � U = � - % 2 % 5 % * � . This planeis thereforecalledthe planeat infinity
�&%

.
Strictly speaking,this planeis not part of the affine space,the pointscontainedin it can’t be expressed
throughtheusualnon-homogeneous3-vectorcoordinatenotationusedfor affine,metricandEuclidean3D
space.

An affinetransformationis usuallypresentedasfollows:»¼ -/¤24¤58¤
¾¿ ( »¼ � X�X � X . � X Ä� . X � .�. � .�Ä� Ä X � Ä�. � Ä�Ä

¾¿ »¼ - 2 5
¾¿ 0 »¼ � XáÑ� . Ñ� Ä Ñ

¾¿
with âgãLä P � 	��ÃR D(F*
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Usinghomogeneouscoordinates,this canberewrittenasfollows
� ¤ = !Íå � with! å = »ÏÏ¼ � X�X � X . � X Ä � XºÑ� . X � .�. � .�Ä � . Ñ� Ä X � Ä�. � Ä�Ä � Ä Ñ* * * f
¾­ÒÒ¿ j (2.23)

An affine transformationcounts12 independentdegreesof freedom. It can easily be verified that this
transformationleavesthe planeat infinity

�g%
unchanged(i.e.

�&% = ! V[Uå �&%
or
! Uå �g% = �g% ). Note,

however, that thepositionof pointsin theplaneat infinity canchangeunderanaffine transformation,but
thatall thesepointsstaywithin theplane

�&%
.

All projective propertiesarea fortiori affine properties.For the (morerestrictive) affine groupparal-
lelism is addedasanew invariantproperty. Linesor planeshaving their intersectionin theplaneat infinity
arecalledparallel. A new invariantpropertyfor thisgroupis theratio of lengthsalonga certaindirection.
Notethatthis is equivalentto a cross-ratiowith oneof thepointsat infinity.

From projective to affine Up to now it wasassumedthatthesedifferentstratacouldsimply beoverlaid
ontoeachother, assumingthat theplaneat infinity is at its canonicalposition(i.e.

�&% (´� *�*1*Øf � U ). This
is easyto achievewhenstartingfrom aEuclideanrepresentation.Startingfrom aprojectiverepresentation,
however, thestructureis only determinedup to anarbitraryprojective transformation.As wasseen,these
transformationsdo – in general– not leave theplaneat infinity unchanged.

Therefore,in a specificprojective representation,the planeat infinity canbe anywhere. In this case
upgradingthegeometricstructurefrom projective to affine impliesthatonefirst hasto find thepositionof
theplaneat infinity in theparticularprojectiverepresentationunderconsideration.

This canbe donewhensomeaffine propertiesof the sceneareknown. Sinceparallel linesor planes
areintersectingin theplaneat infinity, this givesconstraintson thepositionof this plane.In Figure2.1 a
projectiverepresentationof acubeis given.Knowing thisis acube,threevanishingpointscanbeidentified.
Theplaneat infinity is theplanecontainingthese3 vanishingpoints.

Ratiosof lengthsalonga line definethepoint at infinity of that line. In this casethepoints
�çæ

,
� X , � .

andthecross-ratio
Ó � XÃ² � .HÔ �Oæ ² �&% Õ areknown, thereforethepoint

�&%
canbecomputed.

Oncetheplaneat infinity
�&%

is known, onecanupgradetheprojective representationto anaffine one
by applyinga transformationwhich bringsthe planeat infinity to its canonicalposition. Basedon (2.9)
this equationshouldthereforesatisfy»ÏÏ¼ *** f

¾­ÒÒ¿ = ! VqU �&% or
! U »ÏÏ¼ *** f

¾­ÒÒ¿ = �&% (2.24)

Thisdeterminesthefourthrow of
!

. Since,atthislevel, theotherelementsarenotconstrained,theobvious
choicefor thetransformationis thefollowing! Î å =éè ] Ä ¸ Ä * Ä} U% f´ê (2.25)

with } % thefirst 3 elementsof
� %

whenthe lastelementis scaledto 1. It is importantto note,however,
thatevery transformationof theform è � * Ä} U% f¬ê with âgãLä � D(F* (2.26)

maps
�&%

to � *�*�*Øf � U .

2.2.3 Metric stratum

Themetricstratumcorrespondsto thegroupof similarities.Thesetransformationscorrespondto Euclidean
transformations(i.e. orthonormaltransformation+ translation)complementedwith a scaling. Whenno
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Figure2.1: Projective(left) and affine (right) structureswhich are equivalentto a cubeunder their re-
spectiveambiguities. Thevanishingpointsobtainedfrom lines which are parallel in the affine stratum
constrain thepositionof theplaneat infinity in theprojectiverepresentation.Thiscanbeusedto upgrade
thegeometricstructure fromprojectiveto affine.

absoluteyardstickis available,this is the highestlevel of geometricstructurethat canbe retrieved from
images. Inversely, this propertyis crucial for specialeffectssinceit enablesthe possibility to usescale
modelsin movies.

A metrictransformationcanberepresentedasfollows:»¼ -/¤24¤5 ¤
¾¿ ( o »¼
ë X�X ë X . ë X Äë . X ë .�. ë .�Äë Ä X ë Ä�. ë Ä�Ä

¾¿ »¼ - 2 5
¾¿ 0 »¼
ì XºÑì . Ñì Ä Ñ

¾¿
(2.27)

with
ë 	��

thecoefficientsof anorthonormalmatrix. Thecoefficients
ë 	��

arerelatedby 6 independentcon-
straints M Ä í ± X ë 	 í ë � í ( ~ 	�� ² P f
�@�Ì�+� Ô f ���î�@� R with ~ 	N� theKronecker delta1. This correspondsto
the matrix relationthat

$ U $ ( $
$ U (�] andthus
$ VYX ( $ U . Recall that

$
is a rotationmatrix if

andonly if
$
$ U (�] anddet

$ (�f . In particular, anorthonormalmatrix only has3 degreesof freedom.
Usinghomogeneouscoordinates,(2.27)canberewrittenas

� ¤ = !4ï � , with

!�ï = »ÏÏ¼ o ë X�X o ë X . o ë X Ä ì Ýo ë . X o ë .�. o ë .�Ä ì ßo ë Ä X o ë Ä�. o ë Ä�Ä ì à* * * f
¾ ÒÒ¿ = »ÏÏ¼ ë X�X ë X . ë X Ä o V[X ì Ýë . X ë .�. ë .�Ä o VYX ì ßë Ä X ë Ä�. ë Ä�Ä o V[X ì à* * * o V[X

¾ ÒÒ¿
(2.28)

A metric transformationthereforecounts7 independentdegreesof freedom,3 for orientation,3 for trans-
lationand1 for scale.

In this casetherearetwo importantnew invariantproperties:relativelengthsandangles. Similar to
theaffine case,thesenew invariantpropertiesarerelatedto aninvariantgeometricentity. Besidesleaving
theplaneat infinity unchangedsimilarity transformationsalsotransformaspecificconicinto itself, i.e. the

1TheKronecker deltais definedasfollows ð�ñ¹ò óªôZõ for ö ô"÷ñ¹ò óªô
ø for öYùô"÷ .
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Figure2.2: Theabsoluteconic
,

andtheabsolutedualquadric
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in 3D space.
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Figure2.3: Theabsoluteconic < % anddual absoluteconic < :% representedin thepurely imaginary part
of theplaneat infinity

�&%
absoluteconic. This geometricconceptis moreabstractthanthe planeat infinity. It couldbeseenasan
imaginarycircle locatedin theplaneat infinity. In this text theabsoluteconicis denotedby

,
. It is often

morepracticalto representthis entity in 3D spaceby its dualentity
,7:

. Whenonly the planeat infinity
is underconsideration,< % and < :% areusedto representthe absoluteconic andthe dual absoluteconic
(theseare2D entities). Figure2.2 andFigure2.3 illustratetheseconcepts. The canonicalform for the
absoluteconic

,
is: , GH- . 032 . 065 . (+* and ')(+* (2.29)

Note that two equationsareneededto representthis entity. The associateddual entity, the absolutedual
quadric

,7:
, however, canberepresentedasa singlequadric.Thecanonicalform is:

, : = »ÏÏ¼ fú*û*ü** fý*ü**ü* fú**ü*û*ü*
¾­ÒÒ¿ j (2.30)

Notethat
�&% (�� *�*�*Øf � U is thenull spaceof

,7:
. Let

�&% = � -@235W* � U beapointof theplaneat infinity,
thenthatpoint in theplaneat infinity is easilyparameterizedas � % = � -£235 � U . In this casetheabsolute
coniccanberepresentedasa 2D conic:< % = »¼ fú*þ** fÿ**ü* f

¾¿
and < :% = »¼ fú*ü** fú**ü* f

¾¿ j (2.31)

Accordingto (2.28),applyinga similarity transformationto
�&%

resultsin � % ¡¢ � ¤ % = o $ � % . Using
equations(2.14),(2.15)and(2.20),it cannow beverifiedthatasimilarity transformationleavestheabsolute
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Figure2.4: Affine (left) and metric (right) representationof a cube. Theright anglesand the identical
lengthsin thedifferentdirectionsof a cubegiveenoughinformationto upgradethestructure fromaffineto
metric.

conicandits associatedentitiesunchanged:è ] Ä ¸ Ä * Ä* UÄ * ê = è o $ �* UÄ f ê è ] Ä ¸ Ä * Ä* UÄ * ê è o $ �* UÄ f ê U (2.32)

and ] Ä ¸ Ä = o V[X $ VqU ] Ä ¸ Ä $ V[X o VYX ] Ä ¸ Ä = o $ ] Ä ¸ Ä $ U o (2.33)

Inversely, it is easyto provethattheprojectivetransformationswhichleavetheabsolutequadricunchanged
form thegroupof similarity transformations(thesamecouldbedonefor theabsoluteconicandtheplane
at infinity): è ] Ä ¸ Ä � Ä� UÄ * ê =£è � �� U � ê è ] Ä ¸ Ä � Ä� UÄ * ê è �
U ��IU � ê =£è � � U � �� U �
U � U � ê
Therefore

� �
U = ] Ä ¸ Ä and � ( � Ä whichareexactly theconstraintsfor a similarity transformation.
AnglescanbemeasuredusingLaguerre’sformula(seefor example[129]). Assumetwo directionsare

characterizedby theirvanishingpoints � and�g¤ in theplaneat infinity (i.e. theintersectionof aline with the
planeat infinity indicatingthe direction). Computethe intersectionpoints � and �ç¤ betweentheabsolute
conicandthe line throughthetwo vanishingpoints. Thefollowing formulabasedon thecross-ratiothen
givestheangle(with � (�� ½ f ): t ( fhb� 	�

� Ó � Xi² � .�Ô � ² � ¤ Õ (2.34)

For two orthogonalplanes� and �®¤ thefollowing equationmustbesatisfied:� U , : � ¤ (+* (2.35)

From projective or affine to metric In somecasesit is neededto upgradetheprojective or affine rep-
resentationto metric. This canbe doneby retrieving the absoluteconic or oneof its associatedentities.
Sincetheconicis locatedin theplaneat infinity, it is easierto retrieveit oncethisplanehasbeenidentified
(i.e. the affine structurehasbeenrecovered). It is, however, possibleto retrieve bothentitiesat thesame
time. Theabsolutequadric

, :
is especiallysuitedfor thispurpose,sinceit encodesbothentitiesat once.

Everyknown angleor ratioof lengthsimposesaconstraintontheabsoluteconic. If enoughconstraints
areathand,theconiccanuniquelybedetermined.In Figure2.4 thecubeof Figure2.1is furtherupgraded
to metric (i.e. thecubeis transformedso thatobtainedanglesareorthogonalandthesidesall have equal
length).

Oncetheabsoluteconichasbeenidentified,thegeometrycanbeupgradedfrom projectiveor affine to
metricby bringingit to its canonical(metric)position.In Section2.2.2theprocedureto gofrom projective
to affine wasexplained.Therefore,we canrestrictourselveshereto theupgradefrom affine to metric. In
this case,theremustbeanaffine transformationwhich bringstheabsoluteconic to its canonicalposition;
or, inversely, from its canonicalpositionto its actualpositionin theaffinerepresentation.Combining(2.23)
and(2.20)yields , : =éè � �* UÄ fîê è ] Ä ¸ Ä * Ä* UÄ * ê è ��U * Ä� U f�ê ( è � �
U * Ä* UÄ * ê (2.36)
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Underthesecircumstancestheabsoluteconicandits dualhave thefollowing form (assumingthestandard
parameterizationof theplaneat infinity, i.e. ')(�* ):< % ( � VqU � V[X and < :% ( �
� U (2.37)

Onepossiblechoicefor thetransformationto upgradefrom affine to metricis!ÍåYï ( è � V[X * Ä* UÄ * ê (2.38)

wherea valid
�

canbeobtainedfrom
,7:

by Cholesky factorizationor by singularvaluedecomposition.
Combining(2.25)and(2.38)thefollowing transformationis obtainedto upgradethegeometryfrom pro-
jective to metricat once !ÍÎ ï ( ! åYï !ÍÎ å ( è �WV[X * Ä} % f¬ê (2.39)

2.2.4 Euclideanstratum

For the sake of completeness,Euclideangeometryis briefly discussed. It doesnot differ much from
metric geometryaswe have definedit here. The differenceis that the scaleis fixed and that therefore
not only relative lengths,but absolutelengthscanbemeasured.Euclideantransformationshave6 degrees
of freedom,3 for orientationand3 for translation.A Euclideantransformationhasthefollowing form

!�� = »ÏÏ¼ ë X�X ë X . ë X Ä ì Ýë . X ë .�. ë .�Ä ì ßë Ä X ë Ä�. ë Ä�Ä ì à* * * f
¾­ÒÒ¿

(2.40)

with
ë 	N�

representingthecoefficientsof anorthonormalmatrix,asdescribedpreviously. If
$

is a rotation
matrix (i.e.det

$ (@f ) then,this transformationrepresentsa rigid motionin space.

2.2.5 Overview of the different strata

Thepropertiesof thedifferentstrataarebriefly summarizedin Table2.1 . Thedifferentgeometricstrata
arepresented.Thenumberof degreesof freedom,transformationsandthespecificinvariantsaregivenfor
eachstratum.Figure2.5 givesan exampleof an objectwhich is equivalentto a cubeunderthe different
geometricambiguities.Notefrom thefigurethatfor purposesof visualizationat leastametriclevel should
bereached(i.e. is perceivedasa cube).

2.3 Conclusion

In this chaptersomeconceptsof projective geometrywerepresented.Thesewill allow us, in the next
chapter, to describedtheprojectionfrom asceneinto animageandto understandtheintricaterelationships
whichrelatemultipleviewsof ascene.Basedontheseconceptsmethodscanbeconceivedthatinversethis
processandobtain3D reconstructionsof theobservedscenes.This is themainsubjectof this text.
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ambiguity DOF transformation invariants

projective 15
! Î ( »ÏÏ¼ Ð X�X Ð X . Ð X Ä Ð XáÑÐ . X Ð .�. Ð .�Ä Ð . ÑÐ Ä X Ð Ä�. Ð Ä�Ä Ð Ä ÑÐ Ñ\X Ð Ñ . Ð Ñ Ä Ð Ñ�Ñ

¾­ÒÒ¿
cross-ratio

affine 12
!Íå ( »ÏÏ¼ � X�X � X . � X Ä � XºÑ� . X � .�. � .�Ä � . Ñ� Ä X � Ä�. � Ä�Ä � Ä Ñ* * * f

¾­ÒÒ¿ relativedistances
alongdirection

parallelism
planeat infinity

metric 7
!4ï ( »ÏÏ¼ o ë X�X o ë X . o ë X Ä ì��o ë . X o ë .�. o ë .�Ä ì��o ë Ä X o ë Ä�. o ë Ä�Ä ì��* * * f

¾­ÒÒ¿ relativedistances
angles
absoluteconic

Euclidean 6
! � ( »ÏÏ¼ ë X�X ë X . ë X Ä ì��ë . X ë .�. ë .�Ä ì��ë Ä X ë Ä�. ë Ä�Ä ì��* * * f

¾ ÒÒ¿
absolutedistances

Table2.1: Numberof degreesof freedom,transformationsand invariantscorrespondingto the different
geometricstrata (thecoefficients

ë 	N�
formorthonormalmatrices)

Metric
(similarity)

Projective

Euclidean

Affine

T

A

E

M

T

T

T

P

Figure2.5: Shapeswhich areequivalentto a cubefor thedifferentgeometricambiguities
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Chapter 3

Cameramodeland multiple view
geometry

Beforediscussinghow 3D informationcanbeobtainedfrom imagesit is importantto know how images
areformed.First, thecameramodelis introduced;andthensomeimportantrelationshipsbetweenmultiple
viewsof a scenearepresented.

3.1 The cameramodel

In this work the perspective cameramodel is used. This correspondsto an ideal pinholecamera. The
geometricprocessfor imageformationin a pinholecamerahasbeennicely illustratedby Dürer (seeFig-
ure3.1). Theprocessis completelydeterminedby choosinga perspective projectioncenteranda retinal
plane. The projectionof a scenepoint is thenobtainedasthe intersectionof a line passingthroughthis
pointandthecenterof projection� with theretinalplane� .

Most camerasaredescribedrelatively well by this model. In somecasesadditionaleffects(e.g.radial
distortion)haveto betakeninto account(seeSection3.1.5).

3.1.1 A simplemodel

In the simplestcasewheretheprojectioncenteris placedat theorigin of the world frameandthe image
planeis theplane 5�(�f , theprojectionprocesscanbemodeledasfollows:�
( Ý à � ( ß à (3.1)

For a world point
P - ² 2 ² 5 R andthecorrespondingimagepoint

P � ² � R . Usingthehomogeneousrepresen-
tationof thepointsa linearprojectionequationis obtained:»¼ � � f

¾¿ = »¼ fú*ü*û** fú*û**ü* fý*
¾¿ »ÏÏ¼ - 2 5 f

¾­ÒÒ¿
(3.2)

Thisprojectionis illustratedin Figure3.2.Theopticalaxispassesthroughthecenterof projection� andis
orthogonalto theretinalplane� . It’ s intersectionwith theretinalplaneis definedastheprincipalpoint � .

3.1.2 Intrinsic calibration

With anactualcamerathefocal length � (i.e. thedistancebetweenthecenterof projectionandtheretinal
plane)will bedifferentfrom 1, thecoordinatesof equation(3.2)shouldthereforebescaledwith � to take
this into account.

21
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Figure3.1: ManDrawinga Lute(TheDraughtsmanof theLute),woodcut1525,Albrecht Dürer.
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Figure3.2: Perspectiveprojection
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Figure3.3: Fromretinal coordinatesto imagecoordinates

In additionthe coordinatesin the imagedo not correspondto the physicalcoordinatesin the retinal
plane.With aCCDcameratherelationbetweenbothdependsonthesizeandshapeof thepixelsandof the
positionof theCCD chip in thecamera.With a standardphotocamerait dependson thescanningprocess
throughwhich theimagesaredigitized.

Thetransformationis illustratedin Figure3.3.Theimagecoordinatesareobtainedthroughthefollow-
ing equations: »¼ � � f

¾¿ ( »Ï¼����� P ä �"! t R ��$# % ���&# % �f
¾­Ò¿ »¼ �('� 'f ¾¿

whereÐ � and Ð � arethewidth andtheheightof thepixels, � (Û� % � % � f � U is theprincipalpoint and t the
skew angleasindicatedin Figure3.3. Sinceonly the ratios �� � and �� # areof importancethe simplified
notationsof thefollowing equationwill beusedin theremainderof this text:»¼ � � f

¾¿ ( »¼ � � ) % �� � % �f ¾¿ »¼ � '� 'f ¾¿
(3.3)

with � � and � � beingthefocal lengthmeasuredin width andheightof thepixels,and
)

afactoraccounting
for the skew dueto non-rectangularpixels. The above uppertriangularmatrix is called the calibration
matrix of the camera;and the notation

#
will be usedfor it. So, the following equationdescribesthe

transformationfrom retinalcoordinatesto imagecoordinates.� ( # � ' j (3.4)

For mostcamerasthepixelsarealmostperfectlyrectangularandthus
)

is verycloseto zero.Furthermore,
theprincipalpoint is oftencloseto thecenterof theimage.Theseassumptionscanoftenbeused,certainly
to getasuitableinitialization for morecomplex iterativeestimationprocedures.

For a camerawith fixedopticstheseparametersareidenticalfor all theimagestakenwith thecamera.
For cameraswhichhavezoomingandfocusingcapabilitiesthefocal lengthcanobviouslychange,but also
theprincipalpoint canvary. An extensivediscussionof this subjectcanfor examplebefoundin thework
of Willson [169, 167, 168, 170].

3.1.3 Cameramotion

Motion of scenepointscanbemodeledasfollows� ¤ ( è $ �* UÄ f ê � (3.5)

with
$

arotationmatrix and
� (×� ì��bì��iì�� � U a translationvector.



24 CHAPTER3. CAMERA MODEL AND MULTIPLE VIEW GEOMETRY

Themotionof thecamerais equivalentto aninversemotionof thesceneandcanthereforebemodeled
as � ¤ ( è $ U ½ $ U �* UÄ f ê � ² (3.6)

with
$

and
�

indicatingthemotionof thecamera.

3.1.4 The projection matrix

Combiningequations(3.2), (3.3) and(3.6) the following expressionis obtainedfor a camerawith some
specificintrinsic calibrationandwith a specificpositionandorientation:»¼ � � f

¾¿ = »¼ � � ) % �* � � % �* * f
¾¿Û»¼ fú*û*ü** fý*ü**ü* fú*

¾¿ è $ U -
$ U �* UÄ f ê

»ÏÏ¼ - 2 5 f
¾ ÒÒ¿ ²

which canbesimplifiedto � = # � $ U -
$ U � � � (3.7)

or even � = � � j (3.8)

The �"��� matrix
�

is calledthecamera projectionmatrix.
Using (3.8) the planecorrespondingto a back-projectedimageline

�
can also be obtained: Since� U � = � U � � = � U � , � = � U � (3.9)

Thetransformationequationfor projectionmatricescanbeobtainedasdescribedin paragraph2.1.3.If the
pointsof a calibrationgrid aretransformedby thesametransformationasthecamera,their imagepoints
shouldstaythesame: � = � ¤ � ¤ = � ! V[X ! � = � � (3.10)

andthus � ¡¢ � ¤ = � ! V[X (3.11)

Theprojectionof theoutlineof aquadriccanalsobeobtained.Foraline in animageto betangentto the
projectionof theoutlineof a quadric,thecorrespondingplaneshouldbeon thedualquadric.Substituting
equation(3.9) in (2.17) the following constraint

� U � Ë : � U � (�* is obtainedfor
�

to be tangentto the
outline. Comparingthis resultwith the definition of a conic (2.10), the following projectionequationis
obtainedfor quadrics(this resultscanalsobefoundin [63]). :Ê�: = � Ë : � U j (3.12)

Relation betweenprojection matricesand imagehomographies

The homographiesthat will be discussedherearecollineationsfrom �4.W¢ �4. . A homography
�

de-
scribesthe transformationfrom oneplaneto another. A numberof specialcasesareof interest,sincethe
imageis alsoa plane.Theprojectionof pointsof a planeinto an image � canbedescribedthrougha ho-
mography

� � 	 . Thematrix representationof thishomographyis dependenton thechoiceof theprojective
basisin theplane.

As animageis obtainedby perspectiveprojection,therelationbetweenpoints
� � belongingto a plane�

in 3D spaceandtheir projections� � 	 in the imageis mathematicallyexpressedby a homography
� � 	 .

Thematrixof thishomographyis foundasfollows. If theplane
�

is givenby
� = � } U f � U andthepoint

� �
of
�

is representedas
� � = � � U� f � U , then

� � belongsto
�

if andonly if *4( � U � � ( } U � � 0�f . Hence,� � =Çè � �f¬ê ( è � �½ } U � � ê ( è ] Ä ¸ Ä½ } U ê � � j (3.13)
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Now, if thecameraprojectionmatrix is
� 	 (�� � 	 * � 	 � , thentheprojection� � 	 of

� � ontotheimageis� � 	 = � 	 � � ( � � 	 * � 	 � è ] Ä ¸ Ä½ } U ê � �( � � 	 ½ � 	 } U � � � j (3.14)

Consequently,
� � 	 = �
	 ½ � 	 } U .

Notethatfor thespecificplane
�,+�-/. (×� *�*1*Øf � U thehomographiesaresimply givenby

� +�-/. 	 = �
	 .
It is alsopossibleto definehomographieswhich describethetransferfrom oneimageto theotherfor

pointsandothergeometricentitieslocatedon a specificplane.Thenotation
���	��

will beusedto describe
sucha homographyfrom view � to � for a plane

�
. Thesehomographiescan be obtainedthroughthe

following relation
���	�� ( � � � � VYX� 	 andareindependentto reparameterizationsof theplane(andthusalso

to a changeof basisin �4Ä ).
In themetricandEuclideancase,

� 	 ( # 	 $ U	 andtheplaneat infinity is
�&% (�� *H*¨*&f � U . In thiscase,

thehomographiesfor theplaneat infinity canthusbewrittenas:� %	�� ( # 	 $ U	�� # VYX	 ² (3.15)

where
$ 	N� ( $ U	 $ � is therotationmatrix thatdescribestherelativeorientationfrom the �
021 camerawith

respecttop the � 021 one.
In the projective andaffine case,onecanassumethat

� X (é� ] Ä ¸ Ä * � Ä � (sincein this case
# 	

is un-
known). In thatcase,thehomographies

� � X = ] Ä ¸ Ä for all planes;andthus,
� +�-/.X 	 ( � +�-�. 	

. Therefore
� 	

canbefactorizedas � 	 (�� � +�-�.X 	 *  X 	 � (3.16)

where  X 	 is theprojectionof thecenterof projectionof thefirst camera(in this case,� *�*�*Øf � U ) in image� . Thispoint  X 	 is calledtheepipole, for reasonswhichwill becomeclearin Section3.2.1.
Notethatthisequationcanbeusedto obtain

� +�-�.X 	 and  X 	 from
� 	

, but thatdueto theunknownrelative
scalefactors

� 	
can,in general,not beobtainedfrom

� +�-/.X 	 and  X 	 . Observe alsothat, in theaffine case
(where

� % (�� *H*¨*&f � U ), this yields
� 	 (�� � %X 	 *  X 	 � .

Combiningequations(3.14)and(3.16),oneobtains� � X 	 ( � +�-�.X 	 ½  X 	 } U (3.17)

This equationgivesan importantrelationshipbetweenthe homographiesfor all possibleplanes.Homo-
graphiescanonly differ by a term  X 	 � � ½ } ¤ � U . This meansthat in theprojective casethehomographies
for theplaneat infinity areknown up to 3 commonparameters(i.e. thecoefficientsof } % in theprojective
space).

Equation(3.16)alsoleadsto aninterestinginterpretationof thecameraprojectionmatrix:� X = � ] Ä ¸ Ä * � Ä � è � fîê ( � (3.18)� 	 = � � +�-/.X 	 *  X 	 � è � f ê ( � +�-/.X 	 � 0  X 	 (3.19)( C � +�-/.X 	 � X 0  X 	 ( � 	 P C è � X* ê 0 è � Äf©ê R (3.20)

In otherwords,apoint canthusbeparameterizedasbeingon theline throughtheopticalcenterof thefirst
camera(i.e. � *H*¨*&f � U ) andapoint in thereferenceplane

� +�-/.
. This interpretationis illustratedin Figure3.4.

3.1.5 Deviations fr om the cameramodel

The perspective cameramodeldescribesrelatively well the imageformationprocessfor mostcameras.
However, whenhigh accuracy is requiredor whenlow-endcamerasareused,additionaleffectshave to be
takeninto account.
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Figure3.4: A point
�

can be parameterizedas � X 0 C � +/-�. . Its projectionin anotherimage can thenbe
obtainedby transferring � X according to

�,+�-�.
(i.e. with

� +/-�.X 	 ) to image � and applying the samelinear
combinationwith theprojection  X 	 of � X (i.e. � 	 =  X 	 0 C � +/-�.X 	 � X ).

Thefailuresof theopticalsystemto bring all light raysreceivedfrom a point objectto a singleimage
point or to a prescribedgeometricpositionshouldthenbetakeninto account.Thesedeviationsarecalled
aberrations.Many typesof aberrationsexist (e.g.astigmatism,chromaticaberrations,sphericalaberra-
tions,comaaberrations,curvatureof field aberrationanddistortionaberration).It is outsidethescopeof
this work to discussthemall. The interestedreaderis referredto the work of Willson [169] andto the
photogrammetryliterature[134].

Many of theseeffectsarenegligible undernormalacquisitioncircumstances.Radialdistortion,how-
ever, canhave a noticeableeffect for shorterfocal lengths. Radialdistortionis a linear displacementof
imagepointsradially to or from thecenterof theimage,causedby thefactthatobjectsatdifferentangular
distancefrom thelensaxisundergodifferentmagnifications.

It is possibleto cancelmostof this effectby warpingtheimage.Thecoordinatesin undistortedimage
planecoordinates

P � ² � R canbe obtainedfrom the observed imagecoordinates
P �43 ² � 3 R by the following

equation: ��(��43�0 P �43 ½ % � R P65 X ë .�0 5 . ë Ñ 0 jljkj R� ( � 3�0 P � 3 ½ % � R P65 X ë . 0 5 . ë Ñ 0 jljkj R (3.21)

where
5 X and

5 . arethefirst andsecondparametersof theradialdistortionandë . ( P �43 ½ % � R . 0 P � 3 ½ % � R . j
Note that it cansometimesbe necessaryto allow the centerof radial distortionto be different from the
principalpoint [170].

Whenthefocal lengthof thecamerachanges(throughzoomor focus)theparameters
5 X and

5 . will
alsovary. In a first approximationthiscanbemodeledasfollows:��(��43�0 P �73 ½ % � R P25 � X78 Â� Â 0 5 � . 8:9� 9 0 jkjlj R� ( � 3�0 P � 3 ½ % � R P25 � X48 Â� Â 0 5 � . 8:9� 9 0 jkjlj R (3.22)

Dueto thechangesin thelenssystemthis is only anapproximation,exceptfor digital zoomswhere(3.22)
shouldbeexactly satisfied.
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Figure3.5: Correspondencebetweentwo views. Evenwhenthe exact positionof the 3D point
�

corre-
spondingto the image point � is not known,it hasto beon the line through � which intersectsthe image
planein � . Sincethis line projectsto the line

� ¤ in theother image, thecorrespondingpoint � ¤ shouldbe
locatedon this line. More generally, all thepointslocatedon theplanedefinedby � , �O¤ and

�
havetheir

projectionon
�

and
� ¤ .

3.2 Multi view geometry

Differentviews of a scenearenot unrelated.Several relationshipsexist betweentwo, threeor moreim-
ages.Thesearevery importantfor thecalibrationandreconstructionfrom images.Many insightsin these
relationshipshavebeenobtainedin recentyears.

3.2.1 Two view geometry

In this sectionthe following questionwill be addressed:Givenan image point in one image, doesthis
restrict thepositionof thecorrespondingimage point in anotherimage? It turnsout that it doesandthat
this relationshipcanbeobtainedfrom thecalibrationor evenfrom asetof prior point correspondences.

Althoughtheexactpositionof thescenepoint
�

is notknown, it is boundto beontheline of sightof the
correspondingimagepoint � . This line canbeprojectedin anotherimageandthecorrespondingpoint � ¤
is boundto beon thisprojectedline

� ¤ . This is illustratedin Figure3.5. In factall thepointson theplane
�

definedby thetwo projectioncentersand
�

havetheir imageon
� ¤ . Similarly, all thesepointsareprojected

on a line
�

in the first image.
�

and
� ¤ aresaidto be in epipolar correspondence(i.e. the corresponding

pointof everypoint on
�

is locatedon
� ¤ , andviceversa).

Every planepassingthroughbothcentersof projection � and � ¤ resultsin sucha setof corresponding
epipolarlines,ascanbeseenin Figure3.6.All theselinespassthroughtwo specificpoints  and  ¤ . These
pointsarecalledtheepipoles, andthey aretheprojectionof thecenterof projectionin theoppositeimage.

Thisepipolargeometrycanalsobeexpressedmathematically. Thefactthata point � is ona line
�

can
beexpressedas

� U � (+* . Theline passingtrough� andtheepipole  is� = �  � ¸ � ² (3.23)

with �  � ¸ theantisymmetric�"��� matrix representingthevectorialproductwith  .
From(3.9) the plane

�
correspondingto

�
is easilyobtainedas

� = � U � andsimilarly
� = � ¤ U � ¤ .

Combiningtheseequationsgives: � ¤ =>= � ¤ U@? ^ � U ��A � V[U �
(3.24)

with B indicating the Moore-Penrosepseudo-inverse. The notation
� VqU

is inspiredby equation(2.7).
Substituting(3.23)in (3.24)resultsin � ¤ = � VqU �  � ¸ � j
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Figure3.6: Epipolar geometry. Theline connecting� and �O¤ definesa bundleof planes.For everyoneof
theseplanesa correspondingline canbefoundin each image, e.g. for

�
theseare

�
and

� ¤ . All 3D points
locatedin

�
project on

�
and

� ¤ and thusall pointson
�

havetheir correspondingpoint on
� ¤ and vice

versa. Theselinesare saidto bein epipolarcorrespondence. All theseepipolarlinesmustpassthrough  
or  ¤ , which are theintersectionpointsof theline �C�¨¤ with theretinal planes� and � ¤ respectively. These
pointsarecalledtheepipoles.

Defining
� ( � V[U �  � ¸ , we obtain � ¤ = � � ² (3.25)

andthus, � ¤ U � � (�* j (3.26)

This matrix
�

is called the fundamentalmatrix. Theseconceptswere introducedby Faugeras[31] and
Hartley [45]. Sincethenmany peoplehave studiedthepropertiesof this matrix (e.g.[80, 81]) anda lot of
effort hasbeenput in robustlyobtainingthis matrix from a pair of uncalibratedimages[149, 150, 173].

Having thecalibration,
�

canbecomputedandaconstraintis obtainedfor correspondingpoints.When
thecalibrationis not known equation(3.26)canbeusedto computethefundamentalmatrix

�
. Everypair

of correspondingpointsgivesoneconstrainton
�

. Since
�

is a �;��� matrix which is only determinedup
to scale,it has ����� ½ f unknowns.Therefore8 pairsof correspondingpointsaresufficient to compute

�
with a linearalgorithm.

Notefrom (3.25)that
�  (¦* , because�  � ¸  (¦* . Thus,rank

� (�h . This is anadditionalconstraint
on
�

andtherefore7 point correspondencesaresufficient to compute
�

througha nonlinearalgorithm.In
Section4.2therobustcomputationof thefundamentalmatrix from imageswill bediscussedin moredetail.

Relation betweenthe fundamental matrix and imagehomographies

Therealsoexistsan importantrelationshipbetweenthehomographies
� � 	N�

andthe fundamentalmatrices� 	N�
. Let � 	 bea point in image � . Then � � = ���	N� � 	 is thecorrespondingpoint for theplane

�
in image� .

Therefore,� � is locatedon thecorrespondingepipolarline; and,PÈ� � 	N� � 	 R U � 	�� � 	 (�* (3.27)

shouldbe verified. Moreover, equation(3.27) holds for every imagepoint � 	 . Sincethe fundamental
matrix mapspointsto correspondingepipolarlines,

� 	N� � 	 =  	N� � � � andequation(3.27)is equivalentto� U� �  	N� �¹¸ � � 	�� � 	 (+* . Comparingthisequationwith � U� � 	�� � 	 (+* , andusingthattheseequationsmusthold
for all imagepoints � 	 and� � lying on correspondingepipolarlines,it followsthat:� 	N� = �  	�� � ¸ � � 	N� j (3.28)
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Let
� �

bea line in image� andlet
�

betheplaneobtainedby back-projecting
� �

into space.If � � 	 is the
imageof apointof thisplaneprojectedin image� , thenthecorrespondingpoint in image� mustbelocated
on the correspondingepipolarline (i.e.

� 	N� � � 	 ). Sincethis point is alsolocatedon the line
� �

it canbe
uniquelydeterminedastheintersectionof both(if theselinesarenot coinciding):

� � � � 	N� � � 	 . Therefore,
thehomography

���	��
is givenby � � � �º¸ � 	N� . Note that,sincethe imageof theplane

�
is a line in image� ,

this homographyis not of full rank. An obviouschoiceto avoid coincidenceof
� �

with theepipolarlines,
is
� � =  	�� sincethis line doescertainlynot containtheepipole(i.e.  U	��  	N� D(+* ). Consequently,�  	�� �¹¸ � 	N� (3.29)

correspondsto thehomographyof a plane.By combiningthis resultwith equations(3.16)and(3.17)one
canconcludethatit is alwayspossibleto write theprojectionmatricesfor two viewsas� X ( � ] Ä ¸ Ä * * Ä �� . ( � �  X . � ¸ � X . ½  X . } U *  X . � (3.30)

Notethatthis is animportantresult,sinceit meansthataprojectivecamerasetupcanbeobtainedfrom the
fundamentalmatrixwhichcanbecomputedfrom 7 or morematchesbetweentwo views. Notealsothatthis
equationhas4 degreesof freedom(i.e. the3 coefficientsof } andthearbitraryrelative scalebetween

� X .
and  X . ). Therefore,this equationcanonly beusedto instantiatea new frame(i.e. anarbitraryprojective
representationof thescene)andnot to obtaintheprojectionmatricesfor all theviews of a sequence(i.e.
compute

� Ä ² � Ñç² jljkj ). How thiscanbedoneis explainedin Section5.2.

3.2.2 Threeview geometry

Consideringthreeviewsit is,of course,possibleto groupthemin pairsandto getthetwo view relationships
introducedin thelastsection.Usingthesepairwiseepipolarrelations,theprojectionof a point in thethird
imagecanbepredictedfrom thecoordinatesin thefirst two images.This is illustratedin Figure3.7. The
point in the third imageis determinedas the intersectionof the two epipolarlines. This computation,
however, is not alwaysverywell conditioned.Whenthepoint is locatedin thetrifocal plane(i.e. theplane
goingthroughthethreecentersof projection),it is completelyundetermined.

Fortunately, thereareadditionalconstraintsbetweenthe imagesof a point in threeviews. Whenthe
centersof projectionarenot coinciding,a point canalwaysbereconstructedfrom two views. This point
thenprojectsto a uniquepoint in thethird image,ascanbeseenin Figure3.7,evenwhenthis point is lo-
catedin thetrifocal plane.For two views,noconstraintis availableto restrictthepositionof corresponding
lines. Indeed,back-projectinga line formsa plane,theintersectionof two planesalwaysresultsin a line.
Therefore,no constraintcanbe obtainedfrom this. But, having threeviews, the imageof the line in the
third view canbepredictedfrom its locationin thefirst two images,ascanbeseenin Figure3.8.Similar to
whatwasderivedfor two views, therearemulti linearrelationshipsrelatingthepositionsof pointsand/or
linesin threeimages[137]. Thecoefficientsof thesemulti linearrelationshipscanbeorganizedin a tensor
which describesthe relationshipsbetweenpoints [132] and lines [48] or any combinationthereof[50].
Severalresearchershaveworkedon methodsto computethetrifocal tensor(e.g.see[147, 148]).

Thetrifocal tensor
!

is a �Í�"�Í�"� tensor. It contains27parameters,only 18of whichareindependent
due to additionalnonlinearconstraints.The trilinear relationshipfor a point is given by the following
equation1: � 	 P � ¤� � ¤ ¤í"D 	 Ä�Ä ½ � ¤ ¤í
D 	N� Ä ½ � ¤� D 	 Ä í 0 D 	�� í R (�* (3.31)

Any triplet of correspondingpointsshouldsatisfythisconstraint.
A similar constraintappliesfor lines.Any triplet of correspondinglinesshouldsatisfy:� 	 = � ¤� � ¤ ¤í
D 	N� í

1TheEinsteinconventionis used(i.e. indicesthatarerepeatedshouldbesummedover).
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Figure3.7: Relationbetweenthe image of a point in threeviews. Theepipolar lines of points � and � ¤
couldbeusedto obtain � ¤ ¤ . Thisdoes,however, notexhaustall therelationsbetweenthethreeimages.For
a point locatedin the trifocal plane(i.e. the planedefinedby � ² �O¤ and �O¤ ¤ ) this would not give a unique
solution,althoughthe 3D point could still be obtainedfrom its image in the first two views and thenbe
projectedto � ¤ ¤ . Therefore, onecanconcludethat in thethreeview casenotall theinformationis described
by theepipolargeometry. Theseadditionalrelationshipsare describedby thetrifocal tensor.
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Figure3.8: Relationbetweentheimageof a line in threeimages.Whilein thetwoview casenoconstraints
are availablefor lines, in the threeview caseit is alsopossibleto predict thepositionof a line in a third
image fromits projectionin theothertwo. Thistransferis alsodescribedby thetrifocal tensor.
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3.2.3 Multi view geometry

Many peoplehave beenstudyingmulti view relationships[58, 152, 34]. Without going into detail we
would like to give someintuitive insights to the reader. For a more in depthdiscussionthe readeris
referredto [86].

An imagepoint has2 degreesof freedom. But � imagesof a 3D point do not have h�� degreesof
freedom,but only 3. So, theremustbe hb� ½ � independentconstraintsbetweenthem. For lines,which
alsohave 2 degreesof freedomin the image,but 4 in 3D space,� imagesof a line mustsatisfy hb� ½ �
constraints.

Somemorepropertiesof theseconstraintsareexplainedhere.A line canbeback-projectedinto space
linearly (3.9). A point canbe seenasthe intersectionof two lines. To correspondto a real point or line
the planesresultingfrom the backprojectionmust all intersectin a single point or line. This is easily
expressedin termsof determinants,i.e.

* � X � . � Ä � Ñ * (|* for pointsandthatall the ���Z� subdeterminants
of � � X � . � Ä � shouldbe zero for lines. This explainswhy the constraintsaremulti linear, sincethis is a
propertyof columnsof a determinant.In additionno constraintscombiningmore than4 imagesexist,
sincewith 4-vectors(i.e. therepresentationof theplanes)maximum �
�W� determinantscanbeobtained.
The twofocal (i.e. the fundamentalmatrix) and the trifocal tensorshave beendiscussedin the previous
paragraphs,recentlyHartley [53] proposedan algorithmfor the practicalcomputationof the quadrifocal
tensor.

3.3 Conclusion

In this chaptersomeimportantconceptswereintroduced.A geometricdescriptionof theimageformation
processwasgivenandthecameraprojectionmatrixwasintroduced.Someimportantrelationshipsbetween
multipleviewswerealsoderived.Theinsightsobtainedby carefullystudyingthesepropertieshaveshown
thatit is possibleto retrievearelativecalibrationof atwo view camerasetupfrom pointmatchesonly. This
is an importantresultwhich will be exploited further on to obtaina 3D reconstructionstartingfrom the
images.
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Chapter 4

Relating images

Startingfrom a collectionof imagesor a video sequencethe first stepconsistsin relating the different
imagesto eachother. This is not a easyproblem.A restrictednumberof correspondingpointsis sufficient
to determinethegeometricrelationshipor multi-view constraintsbetweentheimages.Sincenot all points
areequallysuitedfor matchingor tracking(e.g.a pixel in a homogeneousregion), thefirst stepconsistof
selectinganumberof interestingpointsor featurepoints. Someapproachesalsouseotherfeatures,suchas
linesor curves,but thesewill notbediscussedhere.Dependingonthetypeof imagedata(i.e. videoor still
pictures)thefeaturepointsaretrackedor matchedandanumberof potentialcorrespondencesareobtained.
From thesethe multi-view constraintscanbe computed.However, sincethe correspondenceproblemis
an ill-posedproblem,the setof correspondingpointscanbe contaminatedwith an importantnumberof
wrongmatchesor outliers. In thiscase,a traditionalleast-squaresapproachwill fail andthereforea robust
methodis needed.Oncethemulti-view constraintshavebeenobtainedthey canbeusedto guidethesearch
for additionalcorrespondences.Thesecan thenbe usedto further refine the resultsfor the multi-view
constraints.

4.1 Featureextraction and matching

Beforediscussingthe extractionof featurepoints it is necessaryto have a measureto comparepartsof
images. The extractionandmatchingof featuresis basedon thesemeasures.Besidesthe simplepoint
featurea moreadvancedtypeof featureis alsopresented.

4.1.1 Comparing imageregions

Imageregionsaretypically comparedusingsum-of-square-differences(SSD)ornormalizedcross-correlation
(NCC).Considerawindow ' in imageE andacorrespondingregion

! P ' R in image F . Thedissimilarity
betweentwo imageregionsbasedon SSDis givenbyG (IHJHLK �MF P ! P � ² � R¹R ½ E P � ² � R � . µ P � ² � R/� � � � (4.1)

where µ P � ² � R is a weightingfunction that is definedover W. Typically, µ P � ² � R (©f or it is a Gaussian.
Thesimilarity measurebetweentwo imageregionsbasedonNCC is givenbyÉ ( NON K P F P ! P � ² � R¹R ½QPF R j P E P � ² � R ½RPE R µ P � ² � R�� � � �S NON K P F P ! P � ² � R¹R ½QPF R µ P � ² � R�� � � � j S NON K P E P � ² � R ½RPE R µ P � ² � R/� � � � (4.2)

with PF6( NON K F P D P � ² � R¹R/� � � � and PE/( NTN K E P � ² � R/� � � � themeanimageintensityin theconsidered
region. Notethatthis lastmeasureis invariantto globalintensityandcontrastchangesover theconsidered
regions.

33
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Figure4.1: Two imageswith extractedcorners

4.1.2 Featurepoint extraction

Oneof themostimportantrequirementsfor afeaturepoint is thatit canbedifferentiatedfrom its neighbor-
ing imagepoints.If thiswerenotthecase,it wouldn’t bepossibleto matchit uniquelywith acorresponding
point in anotherimage.Therefore,theneighborhoodof a featureshouldbesufficiently differentfrom the
neighborhoodsobtainedafterasmalldisplacement.

A secondorderapproximationof thedissimilarity, asdefinedin Eq.(4.1),betweena imagewindow '
andaslightly translatedimagewindow is givenbyG/P6U � ² U � R ( è U �U � êWVYX U � U �[Z with V (�HJH\K è^]`_] �]`_] � êba ]`_] � ]`_] �dc µ P � ² � R�� � � � (4.3)

To ensurethat no displacementexists for which
G

is small, the eigenvaluesof V shouldboth be large.
This canbe achievedby enforcinga minimal valuefor the smallesteigenvalue[133] or alternatively for
thefollowing cornerresponsefunction e�(�âgãkä V ½ � P trace V R . [44] where � is a parametersetto 0.04
(a suggestionof Harris). In the caseof tracking this is sufficient to ensurethat featurescanbe tracked
from onevideoframeto thenext. In this caseit is naturalto usethetrackingneighborhoodto evaluatethe
qualityof a feature(e.g.a `4�W` window with µ P � ² � R (�f ). Trackingitself is doneby minimizing Eq.4.1
over the parametersof

!
. For small stepsa translationis sufficient for

!
. To evaluatethe accumulated

differencefrom thestartof thetrackit is advisedto useanaffinemotionmodel.
In thecaseof separateframesasobtainedwith a still camera,thereis theadditionalrequirementthat

asmuch imagepointsoriginating from the same3D pointsaspossibleshouldbe extracted. Therefore,
only local maximaof the cornerresponsefunction are consideredas features. Sub-pixel precisioncan
beachievedthroughquadraticapproximationof theneighborhoodof the local maxima.A typical choice
for µ P � R in this caseis a Gaussianwith o ( * j ` . Matching is typically doneby comparingsmall, e.g.`Í��` , windowscenteredaroundthefeaturethroughSSDor NCC.Thismeasureis only invariantto image
translationsandcanthereforenotcopewith too largevariationsin camerapose.

To matchimagesthat are more widely separated,it is requiredto copewith a larger set of image
variations.Exhaustivesearchoverall possiblevariationsis computationallyuntractable.A moreinteresting
approachconsistsof extractinga morecomplex featurethatnot only determinestheposition,but alsothe
otherunknownsof a localaffine transformation[160] (seeSection4.1.3).

In practiceoftenfar toomuchcornersareextracted.In thiscaseit is ofteninterestingto first restrictthe
numbersof cornersbeforetrying to matchthem.Onepossibilityconsistsof only selectingthecornerswith
a value e above a certainthreshold.This thresholdcanbe tunedto yield thedesirednumberof features.
Sincefor somescenesmostof the strongestcornersarelocatedin the samearea,it canbe interestingto
refinethisschemefurtherto ensurethatin everypartof theimageasufficientnumberof cornersarefound.

In figure4.1 two imagesareshown with theextractedcorners.Note that it is not possibleto find the
correspondingcornerfor eachcorner, but thatfor many of themit is.



4.1. FEATUREEXTRACTION AND MATCHING 35

Figure4.2: Detail of theimagesof figure4.1with 5 correspondingcorners.

Figure4.3: Localneighborhoodsof the5 cornersof figure4.2.

In figure4.2correspondingpartsof two imagesareshown. In eachthepositionof 5 cornersis indicated.
In figure 4.3 the neighborhoodof eachof thesecornersis shown. The intensity cross-correlationwas
computedfor every possiblecombination. This is shown in Table4.1. It canbe seenthat in this case
the correctpair matchesall yield the highestcross-correlationvalues(i.e. highestvalueson diagonal).
However, the combination2-5, for example,comesvery closeto 2-2. In practice,onecancertainlynot
rely on the fact that all matcheswill be correctandautomaticmatchingproceduresshouldthereforebe
ableto dealwith importantfractionof outliers. Therefore,furtheron robustmatchingprocedureswill be
introduced.

If one can assumethat the motion betweentwo imagesis small (which is neededanyway for the
intensitycross-correlationmeasureto yield goodresults),thelocationof thefeaturecannotchangewidely
betweentwo consecutiveviews. This canthereforebeusedto reducethecombinatorialcomplexity of the

0.9639 -0.3994 -0.1627 -0.3868 0.1914
-0.0533 0.7503 -0.4677 0.5115 0.7193
-0.1826 -0.3905 0.7730 0.1475 -0.7457
-0.2724 0.4878 0.1640 0.7862 0.2077
0.0835 0.5044 -0.4541 0.2802 0.9876

Table4.1: Intensitycross-correlationvaluesfor all possiblecombinationsof the 5 cornersindicatedfig-
ure4.2.
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Figure 4.4: Basedon the edgesin the neighborhoodof a cornerpoint Ð an affinely invariant region is
determinedup to two parameters� X and � . .
matching.Only featureswith similar coordinatesin bothimageswill becompared.For acornerlocatedatP � ² � R , only thecornersof theotherimagewith coordinateslocatedin theinterval � � ½ µ 	 ² �40 µ 	 � �¯� � ½fu	 ² � 0 fI	 � . µ 	 and

fu	
aretypically fÃ*,g or hb*Cg of theimage.

4.1.3 Matching usingaffinely invariant regions

Onecannotethat thesimilarity measurepresentedin theprevioussectionis only invariantto translation
andoffsetsin theintensityvalues.If importantrotationor scalingtakesplacethesimilarity measureis not
appropriate.Thesameis truewhenthelighting conditionsdiffer toomuch.Thereforethecross-correlation
basedapproachcanonly beusedbetweenimagesfor which thecameraposesarenot too farapart.

In thissectionamoreadvancedmatchingprocedureis presentedthatcandealwith muchlargerchanges
in viewpoint andillumination [160, 159]. As shouldbeclearfrom thepreviousdiscussion,it is important
that pixels correspondingto the samepart of the surfaceareusedfor comparisonduring matching. By
assumingthatthesurfaceis locally planarandthatthereis no perspectivedistortion,local transformations
of pixelsfrom oneimageto theotheraredescribedby 2D affine transformations.Sucha transformationis
definedby threepoints. At this level we only have one,i.e. thecornerunderconsideration,andtherefore
needtwo more. The ideais to go look for themalongedgeswhich passthroughthe point of interest. It
is proposedto only usecornershaving two edgesconnectedto them,asin figure4.4. For curvededgesit
is possibleto uniquelyrelatea point on oneedgewith a point on theotheredge(usinganaffine invariant
parameterization� X can be linked to � . ), yielding only one degreeof freedom. For straightedgestwo
degreesof freedomare left. Over the parallelogram-shapedregion (seefigure 4.4) functionsthat reach
theirextremain aninvariantway for bothgeometricandphotometricchanges,areevaluated.Two possible
functionsare: N E P � ² � R�� � � �N � � � � and

* h ½ji h ½jk ** h ½ h X h ½ h . * (4.4)

with E P � ² � R the imageintensity, k thecenterof gravity of the region, weightedwith imageintensityand
theotherpointsdefinedasin figure4.4.k ( P N E P � ² � R � � � � �N E P � ² � Rl� � � � ² N E P � ² � R � � � � �N E P � ² � Rl� � � � R (4.5)

The regionsfor which suchanextremumis reachedwill thusalsobe determinedinvariantly. In practice
it turnsout that theextremaareoftennot very well definedwhentwo degreesof freedomareleft (i.e. for
straightedges),but occurin shallow “valleys”. In thesecasesmorethanonefunction is usedat thesame
timeandintersectionsof these“valleys” areusedto determineinvariantregions.

Now that we have a methodat handfor the automaticextraction of local, affinely invariant image
regions,thesecaneasilybedescribedin anaffinely invariantwayusingmomentinvariants[162]. As in the
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region finding steps,invariancebothunderaffine geometricchangesandlinearphotometricchanges,with
differentoffsetsanddifferentscalefactorsfor eachof thethreecolor bands,is considered.

For eachregion, a featurevectorof momentinvarianceis composed.Thesecanbe comparedquite
efficiently with the invariant vectorscomputedfor other regions,using a hashing-technique.It can be
interestingto take the region type (curvedor straightedges?Extremaof which function?) into account
aswell. Oncethe correspondingregionshave beenidentified,the cross-correlationbetweenthem(after
normalizationto a squarereferenceregion) is computedasa final checkto rejectfalsematches.

4.2 Two view geometrycomputation

As wasseenin Section3.2.1,even for an arbitrarygeometricstructure,the projectionsof points in two
viewscontainssomestructure.Findingbackthisstructureis notonly very interestingsinceit is equivalent
to the projective calibrationof the camerafor the two views, but alsoallows to simplify the searchfor
morematchessincethesehave to satisfytheepipolarconstraint.As will beseenfurther it alsoallows to
eliminatemostof theoutliersfrom thematches.

4.2.1 Eight-point algorithm

Thetwo view structureis equivalentto thefundamentalmatrix. Sincethefundamentalmatrix
�

is a �����
matrixdeterminedup to anarbitraryscalefactor, 8 equationsarerequiredto obtainauniquesolution.The
simplestway to computethefundamentalmatrix consistsof usingEquation(3.26). This equationcanbe
rewrittenunderthefollowing form:X �I�v¤ � �u¤B�u¤ � � ¤ �O� ¤ � ¤ � � f Z7m (F* (4.6)

with � ( � � � f � U ² � ¤Ì(£� �u¤ � ¤yf � U and m (£� n X�X n X . n X Ä n . X n .�. n .�Ä n Ä X n Ä�. n Ä�Ä � U a vectorcontainingthe
elementsof the fundamentalmatrix

�
. By stackingeightof theseequationsin a matrix

�
the following

equationis obtained: � m (F* (4.7)

Thissystemof equationiseasilysolvedby SingularValueDecomposition(SVD) [43]. ApplyingSVD to
�

yieldsthedecompositionobprq U with o and q orthonormalmatricesand p adiagonalmatrixcontaining
the singularvalues.Thesesingularvalueso 	 arepositive andin decreasingorder. Thereforein our caseoLs is guaranteedto beidenticallyzero(8 equationsfor 9 unknowns)andthusthe lastcolumnof q is the
correctsolution(at leastaslong astheeightequationsarelinearly independent,which is equivalentto all
othersingularvaluesbeingnon-zero).

It is trivial to reconstructthefundamentalmatrix
�

from thesolutionvector m . However, in thepresence
of noise,this matrix will not satisfytherank-2constraint.This meansthat therewill not berealepipoles
throughwhich all epipolarlines pass,but that thesewill be “smearedout” to a small region. A solution
to this problemis to obtain

�
astheclosestrank-2approximationof thesolutioncomingout of thelinear

equations.

4.2.2 Seven-point algorithm

In fact the two view structure(or the fundamentalmatrix) only hasseven degreesof freedom. If oneis
preparedto solve non-linearequations,sevenpointsmustthusbesufficient to solve for it. In this casethe
rank-2constraintmustbeenforcedduringthecomputations.

A similarapproachasin theprevioussectioncanbefollowedto characterizetheright null-spaceof the
systemof linearequationsoriginatingfrom thesevenpointcorrespondences.Thisspacecanbeparameter-
izedasfollows t X 0 C t . or

� X 0 C � . with t X and t . beingthetwo lastcolumnsof q (obtainedthrough
SVD) and

� X respectively
� . thecorrespondingmatrices.Therank-2constraintis thenwrittenasâgãLä Py� X 0 C � . R (�� Ä C Ä 03� . C . 03� X C 03� æ (�* (4.8)
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whichis apolynomialof degree3 in C . Thiscansimplybesolvedanalytically. Therearealways1 or 3 real
solutions.Thespecialcase

� X (which is notcoveredby thisparameterization)is easilycheckedseparately,
i.e. it shouldhave rank-2. If morethanonesolutionis obtainedthenmorepointsareneededto obtainthe
truefundamentalmatrix.

4.2.3 Mor epoints...

It is clearthatwhenmorepointmatchesareavailabletheredundancy shouldbeusedto minimizetheeffect
of thenoise.Theeight-pointalgorithmcaneasilybeextendedto beusedwith morepoints.In thiscasethe
matrix

�
of equation4.7 will bemuchbigger, it will have onerow perpoint match.Thesolutioncanbe

obtainedin thesameway, but in this casethelastsingularvaluewill not beperfectlyequalto zero. It has
beenpointedout [51] that in practiceit is very importantto normalizetheequations.This is for example
achievedby transformingthe imageto the interval � ½ f ² f � �3� ½ f ² f � so thatall elementsof thematrix

�
areof thesameorderof magnitude.

Eventhenthe error that is minimizedis analgebraicerrorwhich hasnor real “physical” meaning.It
is alwaysbetterto minimize a geometricallymeaningfulcriterion. The error measurethat immediately
comesto mind is thedistancebetweenthepointsandtheepipolarlines. Assumingthat thenoiseon every
featurepoint is independentzero-meanGaussianwith thesamesigmafor all points,theminimizationof
thefollowing criterionyieldsamaximumlikelihoodsolution:u P n R ( ° v GZP � ¤ ² � � R . 0 GZP � ² � U � ¤ R .xw (4.9)

with
GZP � ² � R theorthogonaldistancebetweenthepoint � andtheline

�
. This criterioncanbeminimized

througha Levenberg-Marquardalgorithm[119]. Theresultsobtainedthroughlinear least-squarescanbe
usedfor initialization.

4.2.4 Robust algorithm

Themostimportantproblemwith thepreviousapproachesis thatthey cannotcopewith outliers.If theset
of matchesis contaminatedwith evena smallsetof outliers,theresultwill probablybeunusable.This is
typical for all typesof least-squaresapproaches(evennon-linearones).Theproblemis that thequadratic
penalty(which is optimal for Gaussiannoise)allows a singleoutlier beingvery far apartfrom the true
solutionto completelybiasthefinal result.

Theproblemis that it is very hardto segmentthesetof matchesin inliers andoutliersbeforehaving
the correctsolution. The outliers could have sucha disastrouseffect on the least-squarecomputations
thatalmostno pointswould beclassifiedasinliers (seeTorr [150] for a morein depthdiscussionof this
problem).

A solutionto this problemwasproposedby FischlerandBolles [35] (seealso[124] for moredetails
on robust statistics).Their algorithmis calledRANSAC (RANdom SAmpling Consensus)andit canbe
appliedto all kindsof problems.

Let us take a subsetof the dataandcomputea solution from it. If wereare lucky andthereareno
outliersin our set,thesolutionwill becorrectandwe will beableto correctlysegmentthedatain inliers
and outliers. Of course,we can not rely on being lucky. However, by repeatingthis procedurewith
randomlyselectedsubsets,in theendwe shouldendup with thecorrectsolution. Thecorrectsolutionis
identifiedasthesolutionwith thelargestsupport(i.e. having thelargestnumberof inliers).

Matchesareconsideredinliers if they arenot morethan f j y a o pixelsaway from their epipolarlines,
with o characterizingtheamountof noiseon thepositionof thefeatures.In practiceo is hardto estimate
andonecouldjustsetit to 0.5or 1 pixel, for example.

Theremainingquestionis of course’how many samplesshouldbetaken?’. Ideally onecould try out
every possiblesubset,but this is usuallycomputationallyinfeasible,soonetakesthe numberof samples� sufficiently high to give a probability z in excessof y d{g that a goodsubsamplewasselected.The
expressionfor this probabilityis [124] z/(�f ½ P f ½ P f ½ r R � R � ² (4.10)
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5% 10% 20% 30% 40% 50% 60% 70% 80%
3 5 13 35 106 382 1827 13692 233963

Table4.2: Thenumberof 7-pointsamplesrequiredto ensurezj|�* j y d for a givenfractionof outliers.

Step1. Extractfeatures

Step2. Computea setof potentialmatches

Step3. While z P~} � �Y�È�~� ë") ² } ) �ç� Ð �2� ) R@� y d{g do

step3.1selectminimal sample(7 matches)

step3.2computesolutionsfor F

step3.3determineinliers

step4. RefineF basedon all inliers

step5. Look for additionalmatches

step6. RefineF basedon all correctmatches

Table4.3: Overview of thetwo-view geometrycomputationalgorithm.

where r is the fractionof outliers,and Ð thenumberof featuresin eachsample.In thecaseof thefunda-
mentalmatrix Ð (�` . Table4.2givestherequirednumberof samplesfor a few valuesof r . Thealgorithm
caneasilydealwith up to dH*,g outliers,abovethis therequirednumberof samplesbecomesveryhigh.

Oneapproachis to decidea priori which level of outlier contaminationthealgorithmshoulddealwith
andsetthenumberof samplesaccordingly(e.g.copingwith up to db*Cg outliersimplies382samples).

Often a lower percentageof outliers is presentin the dataandthe correctsolutionwill alreadyhave
beenfound after muchfewer samples.Assumethat sample57 yields a solutionwith aH*,g of consistent
matches,in this caseonecould decideto stopat sample106, beingsure-at leastfor y d,g - not to have
missedany biggersetof inliers.

Oncethesetof matcheshasbeencorrectlysegmentedin inliersandoutliers,thesolutioncanberefined
usingall theinliers. Theprocedureof Section4.2.3canbeusedfor this. Table4.3summarizestherobust
approachto thedeterminationof thetwo-view geometry. Oncetheepipolargeometryhasbeencomputedit
canbeusedto guidethematchingtowardsadditionalmatches.At thispointonly featuresbeingin epipolar
correspondenceshouldbeconsideredfor matching.For acornerin oneimage,only thecornersof theother
imagethatarewithin a smallregion (1 or 2 pixels)aroundthecorrespondingepipolarline, areconsidered
for matching.At this point the initial coordinateinterval thatwasusedfor matchingcanbe relaxed. By
reducingthe numberof potentialmatches,the ambiguityis reducedanda numberof additionalmatches
areobtained.Thesecannot only beusedto refinethesolutionevenfurther, but will bevery usefulfurther
on in solvingthestructurefrom motionproblemwhereit is importantthattrackedfeaturessurviveaslong
aspossiblein thesequence.

4.2.5 Degeneratecase

Thecomputationof the two-view geometryrequiresthat the matchesoriginatefrom a 3D sceneandthat
the motion is morethana purerotation. If the observedsceneis planar, the fundamentalmatrix is only
determinedup to threedegreesof freedom.Thesameis truewhenthecameramotion is a purerotation.
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In this lastcase-only having onecenterof projection-depthcannot beobserved. In theabsenceof noise
thedetectionof thesedegeneratecaseswould notbetoohard.Startingfrom real-andthusnoisy-data,the
problemis muchhardersincethe remainingdegreesof freedomin the equationsarethendeterminedby
noise.

A solutionto this problemhasbeenproposedby Torr et al. [151]. Themethodswill try to fit different
modelsto the dataand the oneexplaining the databestwill be selected.The approachis basedon an
extensionof Akaike’s informationcriterion [1] proposedby Kanatani[62]. It is outsidethescopeof this
text to describethismethodinto details.Thereforeonly thekey ideawill briefly besketchedhere.

Different modelsare evaluated. In this casethe fundamentalmatrix (correspondingto a 3D scene
andmorethana purerotation),a generalhomography(correspondingto a planarscene)anda rotation-
inducedhomographyarecomputed.Selectingthemodelwith thesmallestresidualwouldalwaysyield the
mostgeneralmodel. Akaike’s principleconsistof taking into accounttheeffect of theadditionaldegrees
of freedom(which whennot neededby thestructureof thedataendup fitting thenoise)on theexpected
residual. Thisboilsdown to addingapenaltyto theobservedresidualsin functionof thenumberof degrees
of freedomof themodel.This makesa fair comparisonbetweenthedifferentmodelsfeasible.

4.3 Thr eeand four view geometrycomputation

It is possibleto determinethe threeor four view geometryin a similar way to the two view geometry
computationexplainedin theprevioussection.Moredetailson theseconceptscanbefoundin Section3.2.
Sincethepointssatisfyingthethreeor four view geometrycertainlymustsatisfythetwo view geometry,
it is often interestingto have a hierarchicalapproach.In this casethe two view geometryis estimated
first from consecutiveviews. Thentriplet matchesareinferredby comparingtwo consecutivesetsof pair-
matches.Thesetripletsarethenusedin arobustapproachsimilar to themethodpresentedin Section4.2.4.
In thiscaseonly 6 tripletsof pointsareneeded.A similarapproachis possiblefor thefour view geometry.

Themethodto recover structureandmotionpresentedin thenext chapteronly relieson thetwo view
geometry. Thereforetheinterestedreaderis referredto theliteraturefor moredetailson thedirectcompu-
tationof threeandfour view geometricrelations.Many authorsstudieddifferentapproachesto compute
multi view relations(e.g. [132, 50]). Torr andZisserman[147] have proposeda robust approachto the
computationof thethreeview geometry. Hartley [53] proposeda methodto computethefour view geom-
etry.



Chapter 5

Structur eand motion

In the previous sectionit was seenhow different views could be relatedto eachother. In this section
the relationbetweenthe views andthe correspondencesbetweenthe featureswill be usedto retrieve the
structureof thesceneandthemotionof thecamera.Thisproblemis calledStructureandMotion.

The approachthat is proposedhereextends[7, 65] by being fully projective and thereforenot de-
pendenton thequasi-euclideaninitialization. This wasachievedby carryingout all measurementsin the
images.This approachprovidesanalternative for thetriplet-basedapproachproposedin [36]. An image-
basedmeasurethat is ableto obtaina qualitative distancebetweenviewpointsis alsoproposedto support
initialization anddeterminationof closeviews (independentlyof theactualprojectiveframe).

At first two imagesareselectedandan initial reconstructionframe is set-up. Then the poseof the
camerafor the otherviews is determinedin this frameandeachtime the initial reconstructionis refined
andextended.In this way theposeestimationof views thathave no commonfeatureswith the reference
views alsobecomespossible.Typically, a view is only matchedwith its predecessorin the sequence.In
most casesthis works fine, but in somecases(e.g. when the cameramovesback and forth) it can be
interestingto alsorelatea new view to a numberof additionalviews. Oncethe structureandmotionhas
beendeterminedfor thewholesequence,theresultscanberefinedthroughaprojectivebundleadjustment.
Thentheambiguitywill berestrictedto metricthroughself-calibration.Finally, ametricbundleadjustment
is carriedout to obtainanoptimalestimationof thestructureandmotion.

5.1 Initial structur eand motion

The first stepconsistsof selectingtwo views that aresuitedfor initializing the sequentialstructureand
motion computation.On the onehandit is importantthat sufficient featuresarematchedbetweenthese
views, on the otherhandthe views shouldnot be too closeto eachother so that the initial structureis
well-conditioned.Thefirst of thesecriterionsis easyto verify, thesecondoneis harderin theuncalibrated
case.Theimage-baseddistancethatweproposeis themediandistancebetweenpointstransferredthrough
anaverageplanar-homographyandthecorrespondingpointsin thetargetimage:

median
Ó GZPy� � 	 ² � ¤	 R Õ (5.1)

Thisplanar-homographyH is determinedasfollows from thematchesbetweenthetwo views:� (��  �º¸ � 0  � U� 	 � with � � 	 � ( argmin� ° 	 GZP�P �  �º¸ � 0  � U R � 	 ² � ¤	 R . (5.2)

In practicethe selectionof the initial frame can be doneby maximizing the productof the numberof
matchesandthe image-baseddistancedefinedabove. Whenfeaturesarematchedbetweensparseviews,
the evaluationcanbe restrictedto consecutive frames.However, whenfeaturesaretrackedover a video
sequence,it is importantto considerviews thatarefurtherapartin thesequence.
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5.1.1 Initial frame

Two imagesof thesequenceareusedto determinea referenceframe.Theworld frameis alignedwith the
first camera.Thesecondcamerais chosensothattheepipolargeometrycorrespondsto theretrieved

� X . :� X ( � ] Ä ¸ Ä * � Ä �� . ( �B�  X . � ¸ � X . 0  X . � U * o  X . � (5.3)

Equation5.3 is not completelydeterminedby the epipolargeometry(i.e.
� X . and  X . ), but has4 more

degreesof freedom(i.e. � and o ). � determinesthepositionof thereferenceplane(i.e. theplaneat infinity
in anaffineor metricframe)and o determinestheglobalscaleof thereconstruction.Theparametero can
simply beput to oneor alternatively thebaselinebetweenthetwo initial viewscanbescaledto one.In [7]
it wasproposedto setthecoefficient of � to ensurea quasi-Euclideanframe,to avoid too largeprojective
distortions. This was neededbecausenot all partsof the algorithmswherestrictly projective. For the
structureandmotionapproachproposedin this paper� canbearbitrarilyset,e.g. ��(@� *�*�* � U .

5.1.2 Initializing structure

Oncetwo projectionmatriceshavebeenfully determinedthematchescanbereconstructedthroughtriangu-
lation. Dueto noisethelinesof sightwill not intersectperfectly. In theuncalibratedcasetheminimizations
shouldbe carriedout in the imagesandnot in projective 3D space.Therefore,the distancebetweenthe
reprojected3D point andtheimagepointsshouldbeminimized:GZP � X�² � X � R . 0 GZP � . ² � . � R . (5.4)

It wasnotedby Hartley andSturm[52] that theonly importantchoiceis to selectin which epipolarplane
thepoint is reconstructed.Oncethis choiceis madeit is trivial to selecttheoptimalpoint from theplane.
A bundleof epipolarplaneshasonly oneparameter. In this casethedimensionof theproblemis reduced
from 3-dimensionsto 1-dimension.Minimizing the following equationis thusequivalentto minimizing
equation(5.4). G/P � X ² � X P t R¹R . 0 GZP � . ² � . P t R¹R . (5.5)

with
� X P t R and

� . P t R the epipolarlines obtainedin function of the parametert describingthe bundle
of epipolarplanes.It turnsout (see[52]) that this equationis a polynomialof degree6 in t . Theglobal
minimumof equation(5.5)canthuseasilybecomputed.In bothimagesthepointontheepipolarline

� X P t R
and

� . P t R closestto thepoints � X resp.� . is selected.Sincethesepointsarein epipolarcorrespondence
their linesof sightmeetin a 3D point.

5.2 Updating the structur e and motion

Theprevioussectiondealtwith obtaininganinitial reconstructionfrom two views. This sectiondiscusses
how to add a view to an existing reconstruction.First the poseof the camerais determined,then the
structureis updatedbasedon theaddedview andfinally new pointsareinitialized.

5.2.1 projective poseestimation

For every additionalview the posetowardsthepre-existing reconstructionis determined,thentherecon-
structionis updated.Thisis illustratedin Figure5.1.Thefirst stepconsistsof findingtheepipolargeometry
asdescribedin Section4.2. Thenthematcheswhich correspondto alreadyreconstructedpointsareused
to infer correspondencesbetween2D and3D. Basedon thesetheprojectionmatrix

� í is computedusing
a robustproceduresimilar to theonelaid out in Table4.3. In this casea minimal sampleof 6 matchesis
neededto compute

� í . A point is consideredaninlier if it is possibleto reconstructa 3D point for which
the maximalreprojectionerror for all views (including the new view) is below a presetthreshold.Once� í hasbeendeterminedthe projectionof alreadyreconstructedpointscanbe predicted.This allows to
find someadditionalmatchesto refinetheestimationof

� í . This meansthatthesearchspaceis gradually
reducedfrom thefull imageto theepipolarline to thepredictedprojectionof thepoint.
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Figure5.1: Imagematches(�4� V[Xx� �4� ) arefoundasdescribedbefore.Sincetheimagepoints,�4� VYX , relateto
objectpoints,�C� , theposefor view � canbecomputedfrom theinferredmatches( � � �4� ). A point is accepted
asaninlier if its line of sightprojectssufficiently closeto all correspondingpoints.
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Figure5.2: Sequentialapproach (left) and extendedapproach (right). In the traditional schemeview 8
wouldbematchedwith view 7 and9 only. A point � which wouldbevisiblein views2,3,4,7,8,9,12,13and
14 would therefore result in 3 independentlyreconstructedpoints. With the extendedapproach only one
pointwill beinstantiated.It is clear that this resultsin a higheraccuracyfor thereconstructedpointwhile
it alsodramaticallyreducestheaccumulationof calibrationerrors.

5.2.2 Relating to other views

Theprocedureproposedin th eprevioussectiononly relatesthe imageto thepreviousimage. In fact it is
implicitly assumedthatonceapointgetsoutof sight,it will notcomeback.Althoughthis is truefor many
sequences,this assumptionsdoesnot alwayshold. Assumethat a specific3D point got out of sight, but
that it is visible againin thelasttwo views. In this casea new 3D point will beinstantiated.This will not
immediatelycauseproblems,but sincethesetwo 3D pointsareunrelatedfor thesystem,nothingenforces
their position to correspond.For longersequenceswherethe camerais moved backand forth over the
scene,this canleadto poorresultsdueto accumulatederrors.Theproblemis illustratedin Figure5.2

Thesolutionthatwe proposeis to matchall theviews thatareclosewith theactualview (asdescribed
in Section4.2). For every closeview a setof potential2D-3D correspondencesis obtained.Thesesetsare
mergedandthecameraprojectionmatrix is estimatedusingthesamerobustprocedureasdescribedabove,
but on themergedsetof 2D-3D correspondences.

Closeviewsaredeterminedasfollows. First aplanar-homographythatexplainsbesttheimage-motion
of featurepointsbetweentheactualandthepreviousview is determined(usingEquation5.2). Then,the
medianresidualfor thetransferof thesefeaturesto otherviews usinghomographiescorrespondingto the
sameplanearecomputed(seeEquation5.1).Sincethedirectionof thecameramotionis giventhroughthe
epipoles,it is possibleto limit theselectionto theclosestviews in eachdirection.In this caseit is betterto
takeorientationinto account[46, 74] to differentiatebetweenoppositedirections.

Example

Figure5.3shows oneof theimagesof thesphere sequenceandtherecoveredcameracalibrationtogether
with the trackedpoints. This calibrationcanthenbeusedto generatea plenopticrepresentationfrom the
recordedimages(seeSection8.2). Figure5.4showsall theimagesin which each3D point is tracked.The
pointsarein theorderthat they wereinstantiated.This explainstheuppertriangularstructure.It is clear
thatfor thesequentialapproach,evenif somepointscanbetrackedasfaras30 images,mostareonly seen
in a few consecutive images.From the resultsfor the extendedapproachseveral thingscanbe noticed.
Theproposedmethodis clearlyeffective in therecoveryof pointswhich werenot seenin thelast images,
therebyavoidingunnecessaryinstantiationsof new points(thesystemonly instantiated2170pointsinstead
of 3792points).Thebandstructureof theappearancematrix for thesequentialapproachhasbeenreplaced
by a denseupperdiagonalstructure.Somepointswhich wereseenin thefirst imagesarestill seenin the
last one(more than60 imagesfurther down the sequence).The meshstructurein the uppertriangular
part reflectsthe periodicity in the motion during acquisition.On the average,a point is trackedover 9.1
imagesinsteadof 4.8 imageswith thestandardapproach.Comparisonwith ground-truthdatashows that
thecalibrationaccuracy wasimprovedfrom 2.31%of themeanobjectdistanceto 1.41%by extendingthe
standardstructureandmotiontechniqueby scanningtheviewpoint surfaceasdescribedin this section.
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Figure 5.3: Imageof the sphere sequence(left) and resultof calibrationstep(right). The camerasare
representedby little pyramids.Imageswhich werematchedtogetherareconnectedwith ablackline.
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Figure5.4: Statisticsof the sphere sequence.This figure indicatesin which imagesa 3D point is seen.
Points(vertical) versusimages(horizontal). The resultsare illustratedfor both the sequentialapproach
(left) astheextendedapproach(right) areillustrated.
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5.2.3 Refining and extendingstructure

Thestructureis refinedusingan iteratedlinear reconstructionalgorithmon eachpoint. Equation3.8 can
berewritten to becomelinearin � : �C� �,��� � X � � ��l� �C��� �l� � � � (5.6)

with
� � the � -th row of � and ��� � �\� beingtheimagecoordinatesof thepoint. An estimateof � is computed

by solving the systemof linear equationsobtainedfrom all views wherea correspondingimagepoint
is available. To obtain a bettersolution the criterion �����6��� � �7� shouldbe minimized. This can be
approximatelyobtainedby iteratively solvingthefollowing weightedlinearequations(in matrix form):��C�{��d� � � ��� �L�� � ��� � �j� �T�d� (5.7)

where
�� is theprevioussolutionfor � . This procedurecanberepeateda few times.By solvingthissystem

of equationsthroughSVD anormalizedhomogeneouspoint is automaticallyobtained.If a3D point is not
observedthepositionis notupdated.In thiscaseonecancheckif thepointwasseenin asufficientnumber
of views to bekept in thefinal reconstruction.This minimumnumberof views canfor examplebeput to
three.This avoidsto haveanimportantnumberof outliersdueto spuriousmatches.

Of coursein an imagesequencesomenew featureswill appearin every new image. If point matches
areavailablethatwerenot relatedto anexisting point in thestructure,thena new point canbe initialized
asin section5.1.2.

After thisprocedurehasbeenrepeatedfor all theimages,onedisposesof cameraposesfor all theviews
andthereconstructionof theinterestpoints. In thefurthermodulesmainly thecameracalibrationis used.
Thereconstructionitself is usedto obtainanestimateof thedisparityrangefor thedensestereomatching.

5.3 Refining structur eand motion

Oncethe structureandmotion hasbeenobtainedfor the whole sequence,it is recommendedto refineit
througha global minimizationstep. A maximumlikelihoodestimationcanbe obtainedthroughbundle
adjustment[154, 134]. Thegoal is to find theparametersof thecameraview ��� andthe3D points �l� for
which themeansquareddistancesbetweentheobservedimagepoints�7� � andthereprojectedimagepoints���l�2�C�~� is minimized.Thecameraprojectionmodelshouldalsotake radialdistortioninto account.For ¡
viewsand ¢ pointsthefollowing criterionshouldbeminimized:£O¤ !¥§¦x¨ © ªT«¬� ­ �¯®¬ �°­ � �����7� � � ���l���l�~�/� � (5.8)

If the imageerror is zero-meanGaussianthenbundleadjustmentis theMaximum LikelihoodEstimator.
Although it can be expressedvery simply, this minimization problemis huge. For a typical sequence
of 20 views and2000points,a minimizationproblemin morethan6000variableshasto be solved. A
straight-forwardcomputationis obviously not feasible.However, thespecialstructureof theproblemcan
be exploited to solve the problemmuchmoreefficiently. More detailson this approachis given in Ap-
pendixA.

To concludethissectionanoverview of thealgorithmto retrievestructureandmotionfrom asequence
of imagesis given. Two views areselectedanda projective frame is initialized. The matchedcorners
arereconstructedto obtainaninitial structure.Theotherviews in thesequencearerelatedto theexisting
structureby matchingthemwith their predecessor. Oncethis is donethe structureis updated.Existing
pointsarerefinedandnew pointsareinitialized. Whenthecameramotionimpliesthatpointscontinuously
disappearandreappearit is interestingto relatean imageto othercloseviews. Oncethe structureand
motion hasbeenretrieved for the whole sequence,the resultscanbe refinedthroughbundleadjustment.
Thewholeprocedureis resumedin Table5.1.
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Step1. Matchor trackpointsover thewholeimagesequence.

Step2. Initialize thestructureandmotionrecovery

step2.1.Selecttwo views thataresuitedfor initialization.

step2.2.Relatetheseviewsby computingthetwo view geometry.

step2.3.Setup theinitial frame.

step2.4.Reconstructtheinitial structure.

Step3. For everyadditionalview

step3.1. Infer matchesto the structureandcomputethe cameraposeusinga
robustalgorithm.

step3.2.Refinetheexistingstructure.

step3.3. (optional)For alreadycomputedviewswhich are“close”

3.4.1.Relatethis view with thecurrentview by finding featurematchesand
computingthetwo view geometry.

3.4.2.Infer new matchesto thestructurebasedonthecomputedmatchesand
addtheseto thelist usedin step3.1.

Refinetheposefrom all thematchesusinga robustalgorithm.

step3.5. Initialize new structurepoints.

Step4. Refinethestructureandmotionthroughbundleadjustment.

Table5.1: Overview of theprojectivestructureandmotionalgorithm.
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5.4 Conclusion

In this sectionanoverview of thealgorithmto retrieve structureandmotionfrom a sequenceof imagesis
given. First a projective frameis initialized from the two first views. Theprojective cameramatricesare
chosenso that they satisfythe computedfundamentalmatrix. The matchedcornersarereconstructedso
that an initial structureis obtained.The otherviews in the sequencearerelatedto the existing structure
by matchingthemwith their predecessor. Oncethis is donethe structureis updated.Existingpointsare
refinedandnew pointsareinitialized. Whenthecameramotionimpliesthatpointscontinuouslydisappear
andreappearit is interestingto relateanimageto other“close” views. Oncethestructureandmotionhas
beenretrievedfor thewholesequence,theresultscanberefinedthroughbundleadjustment.



Chapter 6

Self-calibration

The reconstructionobtainedasdescribedin the previous chaptersis only determinedup to an arbitrary
projective transformation.This might be sufficient for someroboticsor inspectionapplications,but cer-
tainly not for visualization.Thereforeweneedamethodto upgradethereconstructionto ametricone(i.e.
determinedup to anarbitraryEuclideantransformationanda scalefactor).

In generalthreetypesof constraintscanbeappliedto achieve this: sceneconstraints,cameramotion
constraintsandconstraintson the cameraintrinsics. All of thesehave beentried separatelyor in con-
junction. In the caseof a hand-heldcameraandan unknown sceneonly the last type of constraintscan
be used. Reducingthe ambiguityon the reconstructionby imposingrestrictionson the intrinsic camera
parametersis termedself-calibration (in the areaof computervision). In recentyearsmany researchers
have beenworking on this subject. Mostly self-calibrationalgorithmsareconcernedwith unknown but
constantintrinsiccameraparameters(seefor exampleFaugerasetal. [32], Hartley [47], PollefeysandVan
Gool [113, 115, 101], HeydenandÅström[56] andTriggs[153]). Recently, theproblemof self-calibration
in thecaseof varyingintrinsic cameraparameterswasalsostudied(seePollefeyset al. [112, 102, 97] and
HeydenandÅström [57, 59]).

Many researchersproposedspecificself-calibrationalgorithmsfor restrictedmotions(i.e. combining
cameramotion constraintsandcameraintrinsics constraints). In several casesit turnsout that simpler
algorithmscanbeobtained.However, thepriceto payis that theambiguitycanoftennot berestrictedto
metric.Someinterestingapproacheswereproposedby Moonset al. [87] for puretranslation,Hartley [49]
for purerotationsandby Armstronget al. [2] (seealso[28]) for planarmotion.

Recentlysomemethodswereproposedto combineself-calibrationwith sceneconstraints.A specific
combinationwasproposedin [114] to resolve a casewith minimal information. Bondyfalat andBoug-
noux[8] proposeda methodof eliminationto imposethesceneconstraints.Liebowitz andZisserman[77]
on theotherhandformulateboththesceneconstraintsandtheself-calibrationconstraintsasconstraintson
theabsoluteconicsothata combinedapproachis achieved.

Anotherimportantaspectof theself-calibrationproblemis theproblemof critical motionsequences.In
somecasesthemotionof thecamerais not generalenoughto allow for self-calibrationandanambiguity
remainson the reconstruction.A first completeanalysisfor constantcameraparameterswasgiven by
Sturm[141]. Othershavealsoworkedon thesubject(e.g.Pollefeys [97], Ma et al. [83] andKahl [61]).

6.1 Calibration

In thissectionsomeexistingcalibrationapproachesarebriefly discussed.ThesecanbebasedonEuclidean
or metricknowledgeaboutthescene,thecameraor its motion. Oneapproachconsistsof first computing
a projective reconstructionandthenupgradingit a posteriorito a metric(or Euclidean)reconstructionby
imposingsomeconstraints.Thetraditionalapproacheshoweverimmediatelygofor ametric(or Euclidean)
reconstruction.

49
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6.1.1 Sceneknowledge

Theknowledgeof (relative) distancesor anglesin the scenecanbe usedto obtaininformationaboutthe
metricstructure.Oneof theeasiestmeansto calibratethesceneat a metric level is theknowledgeof the
relativepositionof 5 or morepointsin generalposition.Assumethepoints �C±² arethemetriccoordinatesof
theprojectively reconstructedpoints � ² , thenthetransformation³ whichupgradesthereconstructionfrom
projectiveto metriccanbeobtainedfrom thefollowing equations� ±²r´ ³µ� ² or ¶ ² � ±² �I³µ� ² (6.1)

which canbe rewritten aslinear equationsby eliminating ¶ ² . Boufamaet al. [9] investigatedhow some
Euclideanconstraintscouldbeimposedon anuncalibratedreconstruction.Theconstraintsthey dealtwith
areknown 3D points,pointson a groundplane,verticalalignmentandknown distancesbetweenpoints.
BondyfalatandBougnoux[8] recentlyproposeda methodin which theconstraintsarefirst processedby
a geometricreasoningsystemsothata minimal representationof thesceneis obtained.Theseconstraints
canbe incidence,parallelismandorthogonality. This minimal representationis thenfed to a constrained
bundleadjustment.

Thetraditionalapproachtakenby photogrammetrists[11, 41, 134, 42] consistsof immediatelyimpos-
ing thepositionof known controlpointsduringreconstruction.Thesemethodsusebundleadjustment[12]
which is a global minimization of the reprojectionerror. This can be expressedthroughthe following
criterion: ·\¸º¹

®
» ²°¼ � ®¬ ��­ � ¬²¾½
¿~ªrÀ �2� ² �§�Á�µ� ��� ² �:� �ÃÂ ��� ² �r�Á�µ� ��� ² �:� �xÄ (6.2)

whereÅ&� is thesetof indicescorrespondingto thepointsseenin view � and �µ�:�2� ² � describestheprojection
of a point � ² with camera�µ� takingall distortionsinto account.Note that � ² is known for controlpoints
andunknown for otherpoints. It is clearthat this approachresultsin a hugeminimizationproblemand
that,evenif thespecialstructureof theJacobianis taken into account(in a similar way aswasexplained
in SectionA.2, it is computationallyveryexpensive.

Calibration object In thecaseof a calibrationobject,theparametersof thecameraareestimatedusing
an objectwith known geometry. The known calibrationcanthenbe usedto obtain immediatelymetric
reconstructions.

Many approachesexist for this type of calibration. Most of thesemethodsconsistof a two step
procedurewherea calibrationis obtainedfirst for a simplified (linear) modeland thena morecomplex
model,takingdistortionsinto account,is fitted to themeasurements.Thedifferencebetweenthemethods
mainly lies in the type of calibrationobjectthat is expected(e.g.planaror not) or the complexity of the
cameramodel that is used. Someexisting techniquesareFaugerasandToscani[27], Weng,Cohenand
Herniou[166], Tsai[156, 157] (seealsotheimplementationby Willson [169]) andLenzandTsai[75].

6.1.2 Cameraknowledge

Knowledgeaboutthecameracanalsobeusedto restricttheambiguityonthereconstructionfromprojective
to metric or evenbeyond. Differentparametersof the cameracanbe known. Both knowledgeaboutthe
extrinsicparameters(i.e. positionandorientation)astheintrinsic parameterscanbeusedfor calibration.

Extrinsic parameters Knowing therelative positionof theviewpointsis equivalentto knowing therel-
ative positionof 3D points. Thereforethe relative positionof 5 viewpoints in generalpositionsuffices
to obtaina metric reconstruction.This is the principle behindthe omni-rig [131] recentlyproposedby
Shashua(a similarbut morerestrictedapplicationwasdescribedin Pollefeyset al. [117, 116]).

It is lessobviousto dealwith theorientationparameters,exceptwhentheintrinsic parametersarealso
known (seebelow).
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Intrinsic parameters If theintrinsiccameraparametersareknown it is possibleto obtainametricrecon-
struction.E.g. this calibrationcanbeobtainedthroughoff-line calibrationwith a calibrationobject.In the
minimal caseof 2 views and5 pointsmultiple solutionscanexist [33], but in generala uniquesolutionis
easilyfound. Traditionalstructurefrom motionalgorithmsassumeknown intrinsic parametersandobtain
metricreconstructionsout of it (e.g.[78, 155, 5, 17, 137, 144]).

Intrinsic and extrinsic parameters Whenbothintrinsicandextrinsiccameraparametersareknown, the
full cameraprojectionmatrixis determined.In thiscaseaEuclideanreconstructionis obtainedimmediately
by back-projectingthepoints.

In thecaseof known relativepositionandorientationof thecameras,thefirst view canbealignedwith
the world framewithout lossof generality. If only the (relative) orientationandthe intrinsic parameters
areknown, thefirst ÆOÇÈÆ partof thecameraprojectionmatricesis known andit is still possibleto linearly
obtainthetransformationwhich upgradestheprojectivereconstructionto metric.

6.2 Self-calibration

In this sectionsomeimportantsconceptsfor self-calibrationareintroduced.Thesearethenusedto briefly
describesomeof theexistingself-calibrationmethods.

6.2.1 A counting argument

To restrict the projective ambiguity (15 degreesof freedom)to a metric one(3 degreesof freedomfor
rotation, 3 for translationand 1 for scale),at least8 constraintsare needed. This thus determinesthe
minimum length of a sequencefrom which self-calibrationcan be obtained,dependingon the type of
constraintswhich areavailablefor eachview. Knowinganintrinsic cameraparameterfor ¢ viewsgives ¢
constraints,fixingoneyieldsonly ¢É� �

constraints.¢jÇÁ�~ÊÌËl¢ÎÍxÏÐ¢§� Â ��¢Ñ� � �ÒÇÁ�~ÊÔÓ4�º�4ÕxÖ,�Ò×[Ø
Of coursethiscountingargumentis only valid if all theconstraintsareindependent.In thiscontext critical
motionsequencesareof specialimportance(seeSection6.2.5).

Thereforethe absenceof skew (1 constraintper view) should in generalbe enoughto allow self-
calibrationon a sequenceof 8 or moreimages(this wasshown in [111, 59, 97]). If in additiontheaspect
ratio is known (e.g. ÓÚÙ��IÓ"Û ) then4 viewsshouldbesufficient. Whentheprincipalpoint is known aswell
a pairof imagesis sufficient.

6.2.2 Geometric interpretation of constraints

In this sectiona geometricinterpretationof a cameraprojectionmatrix is given. It is seenthatconstraints
on theinternalcameraparameterscaneasilybegivena geometricinterpretationin space.

A cameraprojectionplanedefinesa setof threeplanes.Thefirst oneis parallelto theimageandgoes
throughthecenterof projection.This planecanbeobtainedby back-projectingthe line at infinity of the
image(i.e. Ü �{� �$Ý�Þ ). The two othersrespectively correspondto the back-projectionof the image � - and� -axis(i.e. Ü � � � Ý Þ and Ü � �
� Ý Þ resp.).A line canbeback-projectedthroughequation(3.9):ß ´ � Þáà ´ � â- ã Þ â �Wä ÞÃà

(6.3)

Let uslook at therelativeorientationof theseplanes.Thereforetherotationandtranslationcanbeleft out
without lossof generality(i.e. acameracenteredrepresentationis used).Let usthendefinethevectorsålÙ ,ålÛ and ål� asthefirst threecoefficientsof theseplanes.This thenyieldsthefollowing threevectors:

å Ù �çæè �Ó"Û% Û
éê � å Û �çæè ÓÚÙ)% Ù

éê � å � �ëæè �� � éê
(6.4)
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Thevectorscoincidingwith thedirectionof the � andthe � axiscanbeobtainedby intersectionsof these
planes: à Ù��[ålÙOÇÉåC�§� æè Ó"Û�� éê

and
à Ûì�dålÛ�ÇÉål�§� æè )�íÓÚÙ� éêïî

(6.5)

Thefollowing dot productscannow betaken:à Ù î à Ûì� ) ÓÚÛ � ålÙ î ål�ð� % Û and ålÛ î åC�§� % Ù (6.6)

Equation(6.6) provesthat the constraintfor rectangularpixels (i.e.
) �J� ), andzerocoordinatesfor the

principal point (i.e. % Ù �J� and % Û �ñ� ) canall be expressedin termsof orthogonalitybetweenvectors
in space.Notefurther that it is possibleto pre-warpthe imagesothata known skew1 or known principal
pointparameterscoincidewith zero.Similarly a known focal lengthor aspectratiocanbescaledto one.

TheAC is alsopossibleto give a geometricinterpretationto a known focal lengthor aspectratio. Put
a planeparallelwith theimageat distanceÖ from thecenterof projection(i.e. òó�ôÖ in cameracentered
coordinates).In this casea horizontalmotionin theimageof ÓÚÙ pixelswill move theintersectionpoint of
the line of sightover a distanceÖ . In otherwordsa known focal lengthis equivalentto knowing that the
lengthof two (typically orthogonal)vectorsareequal. If the aspectratio is definedasthe ratio between
the horizontalandvertical sidesof a pixel (which makesit independentof

)
), a similar interpretationis

possible.

6.2.3 The imageof the absoluteconic

Oneof the mostimportantconceptsfor self-calibrationis the AbsoluteConic (AC) andits projectionin
the images(IAC) 2. Sinceit is invariantunderEuclideantransformations(seeSection2.2.3),its relative
positionto a moving camerais constant.For constantintrinsic cameraparametersits imagewill therefore
alsobeconstant.This is similar to someonewho hastheimpressionthat themoonis following him when
driving on a straightroad.NotethattheAC is moregeneral,becauseit is not only invariantto translations
but alsoto arbitraryrotations.

It can be seenas a calibrationobject which is naturally presentin all the scenes.Oncethe AC is
localized,it canbe usedto upgradethe reconstructionto metric. It is, however, not alwaysso simpleto
find theAC in thereconstructedspace.In somecasesit is not possibleto make thedifferencebetweenthe
trueAC andothercandidates.Thisproblemwill bediscussedin theSection6.2.5.

In practicethesimplestway to representtheAC is throughtheDual AbsoluteQuadric(DAQ). In this
caseboththeAC andits supportingplane,theplaneat infinity, areexpressedthroughonegeometricentity.
TherelationshipbetweentheAC andtheIAC is easilyobtainedusingtheprojectionequationfor theDAQ:õÒö� ´ �µ�~÷ ö � Þ� î

(6.7)

with õ ö� representingthedualof theIAC, ÷ ö theDAQ and �µ� theprojectionmatrix for view � . Figure6.1
illustratestheseconcepts. For a Euclideanrepresentationof the world the cameraprojectionmatrices
canbe factorizedas: �µ�Ô� ä � â Þ� Ü ø@ù - ãl� Ý (with ä � an uppertriangularmatrix containingthe intrinsic
cameraparameters,â Þ� representingthe orientationand ã � the position)andthe DAQ canbe written as÷ ö �IÖ
�ûú{ür� � � � � � � �,� . Substitutingthis in Equation(6.7),oneobtains:õ ö� ´ ä � ä Þ� (6.8)

Thisequationis veryusefulbecauseit immediatelyrelatestheintrinsic cameraparametersto theDIAC.
In thecaseof a projective representationof theworld theDAQ will not beat its standardposition,but

will have the following form: ÷ ö �ý³�÷ öþ ³ Þ
with ³ beingthe transformationfrom the metric to the

projective representation.But, sincethe imageswereobtainedin a Euclideanworld, the imagesõ ö� still
satisfyEquation(6.8). If ÷ ö is retrieved,it is possibleto upgradethegeometryfrom projective to metric.

1In this casethe skew shouldbegiven asananglein the imageplane. If the aspectratio is alsoknown, this correspondsto an
anglein theretinalplane(e.g.CCD-array).

2SeeSection2.2.3for details.
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Figure6.1: Theabsoluteconic(locatedin theplaneat infinity) andits projectionin theimages
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Figure6.2: TheKruppaequationsimposethat the image of theabsoluteconicsatisfiestheepipolarcon-
straint. In bothimagestheepipolar linescorrespondingto thetwo planesthrough ÿC� and ÿ�� tangentto ÷
mustbetangentto theimages õ � and õ � .

TheIAC canalsobetransferredfrom oneimageto anotherthroughthehomographyof its supporting
plane(i.e. theplaneat infinity):õ � ´��������� Þ õ � ����	�
� � or õÒö� ´�����	� õÒö� ������ Þ î

(6.9)

It is alsopossibleto restrictthisconstraintto theepipolargeometry. In thiscaseoneobtainstheKruppa
equations[73] (seeFigure6.2): Ü �,�	� Ý Þ � äbä Þ Ü �,�	� Ý � ´�
 ��� äbä Þ 
 Þ��� (6.10)

with 
 �	� thefundamentalmatrix for views � and� and �,�	� thecorrespondingepipole.In thiscaseonly 2 (in
steadof 5) independentequationscanbeobtained[172]. In factrestrictingtheself-calibrationconstraints
to theepipolargeometryis equivalentto theeliminationof thepositionof infinity from theequations.The
resultis thatsomeartificial degeneraciesarecreated(see[139]).

6.2.4 Self-calibration methods

In this sectionsomeself-calibrationapproachesarebriefly discussed.CombiningEquation(6.7)and(6.8)
oneobtainsthefollowing equation: ä � ä Þ� ´ �µ�º÷ ö � Þ� (6.11)
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critical motiontype ambiguity
puretranslation affine transformation(5DOF)
purerotation3 arbitrarypositionfor planeat infinity (3DOF)
orbitalmotion projectivedistortionalongrotationaxis(2DOF)
planarmotion scalingaxisperpendicularto plane(1DOF)

Table6.1: Critical motionsequencesfor constantintrinsic parameters

Severalmethodsarebasedonthisequation.ForconstantintrinsicparametersTriggs[153] proposedto min-
imize thedeviation from Equation(6.11). A similar approachwasproposedby HeydenandÅström [56].
Pollefeys and Van Gool [115] proposeda relatedapproachbasedon the transferequation(i.e. Equa-
tion (6.9)) ratherthantheprojectionequation.Thesedifferentapproachesarevery similar aswasshown
in [115]. Themoreflexible self-calibrationmethodwhichallowsvaryingintrinsiccameraparameters[102]
is alsobasedon Equation(6.11).

Thefirst self-calibrationmethodwasproposedby Faugeraset al. [32] basedon theKruppaequations
(Equation(6.10)). The approachwas improved over the years[82, 172]. An interestingfeatureof this
self-calibrationtechniqueis that no consistentprojective reconstructionmustbe available,only pairwise
epipolarcalibration. This canbe very useful is somecaseswhereit is hardto relateall the imagesinto
a single projective frame. The price paid for this advantageis that 3 of the 5 absoluteconic transfer
equationsare usedto eliminatethe dependenceon the position of the planeat infinity. This explains
why this methodperformspoorly comparedto otherswhena consistentprojective reconstructioncanbe
obtained(see[101]).

Whenthe homographyof the planeat infinity � ��	� is known, thenEquation(6.9) canbe reducedto
a setof linearequationsin thecoefficientsof õ � or õ ö� (this wasproposedby Hartley [47]). Severalself-
calibrationapproachesrely on this possibility. Somemethodsfollow a stratifiedapproachandobtainthe
homographiesof theplaneat infinity by first reachinganaffinecalibration,basedanapuretranslation(see
Moonsetal. [87]) or usingthemodulusconstraint(seePollefeysetal. [101]). Othermethodsarebasedon
purerotations(seeHartley [49] for constantintrinsic parametersanddeAgapitoet al. [20] for a zooming
camera).

6.2.5 Critical motion sequences

Onenoticedvery soonthat not all motion sequencesaresuitedfor self-calibration.Someobviouscases
arethe restrictedmotionsdescribedin theprevioussection(i.e. puretranslation,purerotationandplanar
motion). However therearemoremotion sequenceswhich do not leadto uniquesolutionsfor the self-
calibrationproblem.This meansthatat leasttwo reconstructionsarepossiblewhich satisfyall constraints
on the cameraparametersfor all the imagesof the sequenceand which are not relatedby a similarity
transformation.

Several researchersrealizedthis problemandmentionedsomespecificcasesor did a partial analy-
sis of the problem[153, 172, 118]. Sturm[141, 142] provided a completecatalogueof critical motion
sequences(CMS) for constantintrinsic parameters.Additionally, he identifiedspecificdegeneraciesfor
somealgorithms[139].

However it is very importantto noticethattheclassesof CMSthatexist dependon theconstraintsthat
areenforcedduringself-calibration.The extremesbeingall parametersknown, in which casealmostno
degeneraciesexist, and,noconstraintsat all, in whichcaseall motionsequencesarecritical.

In table6.1and6.2themostimportantcritical motionsequencesfor self-calibrationusingtheconstraint
of constant-but unknown- intrinsicsrespectively intrinsicsknown up to a freely moving focal lengthare
listed.Moredetailscanbefoundin [97]. For self-calibrationto besuccessfulit is importantthattheglobal
motionoverthesequenceis generalenoughsothatit is notcontainedin any of thecritical motionsequence
classes.

3In this caseevenaprojective reconstructionis impossiblesinceall thelinesof sightof a point coincide.
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critical motiontype ambiguity
purerotation4 arbitrarypositionfor planeat infinity (3DOF)
forwardmotion projectivedistortionalongopticalaxis(2DOF)
translationand scalingopticalaxis(1DOF)
rotationaboutopticalaxis
hyperbolicand/orelliptic motion oneextra solution

Table6.2: Critical motionsequencesfor varyingfocal length

Figure6.3: Structureandmotionbefore (top)andafter (bottom)self-calibration.

6.3 A practical approachto self-calibration

In theprevioussectionseveralself-calibrationmethodswerebriefly presented.In thissectionwewill work
out a flexible self-calibrationapproach(this methodwasproposedin [111], seealso[102] or [97]). This
methodcandealwith varyingintrinsiccameraparameters.Thisis importantsinceit allowstheuseof zoom
andauto-focusavailableonmostcameras.

The only assumptionwhich is strictly neededby the methodis that pixels arerectangular(seefor a
proof [111, 97]). In practicehowever it is interestingto make moreassumptions.In many casespixels
aresquareand the principal point is locatedcloseto the centerof the image. Our systemsfirst usesa
linear methodto obtainan approximatecalibration. This calibrationis thenrefinedthrougha non-linear
optimizationstepin a secondphase.The approachthat is proposedhereis basedon [111] but waswas
modifiedto bettertake into accountthe a priori informationon the intrinsic cameraparameters,thereby
reducingtheproblemof critical motionsequences.

In Figure6.3theretrievedstructureandmotionis shownbefore(top)andafter(bottom)self-calibration.
Notethatmetricpropertiessuchasorthogonalityandparallelismcanbeobservedafterself-calibration.
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linear self-calibration The first stepconsistsof normalizingthe projectionmatrices. The following
normalizationis proposed:����� ä � �� � with ä ��� æè Ï Â�� � � �Ï Â�� � �� éê

(6.12)

whereÏ and

�
arethewidth, resp.heightof theimage.After thenormalizationthefocal lengthshouldbe

of theorderof unity andtheprincipalpoint shouldbecloseto theorigin. Theabovenormalizationwould
scalea focal lengthof a 60mmlensto 1 andthusfocal lengthsin the rangeof 20mmto 180mmwould
endup in therange Ü ��� Æ � Æ Ý . Theaspectratio is typically alsoaround1 andtheskew canbeassumed0 for
all practicalpurposes.Making thesea priori knowledgemoreexplicit andestimatingreasonablestandard
deviationsonecouldfor exampleget Ó����"Ó�� ��� Æ , ���! "�¯� � � î � , �#� ��� � î � and

) �I� . It is now
interestingto investigatetheimpactof this knowledgeon õ ö :õÒö ´ äbä Þ � æè Ó � Â ) � Â � � ) �"Ó Â �$ �) �"Ó Â �% � � Ó � Â  �  �  � éê � æè ���'& � � î � �(� � î �� � î � � ���'& � � î �� � î � � � î � � éê

(6.13)

and õ ö�:� � õ ö�:� � �)� � î * . Theconstraintson theleft-handsideof Equation(6.7)shouldalsobeverifiedon
theright-handside(up to scale).Theuncertaintycanbetake into accountby weightingtheequations.�+-,/.10 � ÷ ö 0 � Þ � 0 � ÷ ö 0 � Þ32 � ��+-, .10 � ÷ ö 0 � Þ � 0 � ÷ ö 0 � Þ 2 � ��465 � ,/.10 � ÷ ö 0 � Þ � 0 � ÷ ö 0 � Þ32 � ��475 � , . 0 � ÷ ö 0 � Þ 2 � ��475 � , . 0 � ÷ ö 0 � Þ 2 � ��465 4 � ,/. 0 � ÷ ö 0 � Þ32 � �

(6.14)

with 0 � the � th row of � and 8 a scalefactorthat is initially set to 1 andlater on to 0 � �÷ ö 0 � Þ with
�÷ ö

the resultof the previous iteration. Since ÷ ö is a symmetric 9ÑÇ:9 matrix it is parametrizedthrough10
coefficients. An estimateof the dual absolutequadric ÷ ö canbe obtainedby solving the above set of
equationsfor all views throughlinear least-squares.The rank-3constraintshouldbe imposedby forcing
thesmallestsingularvalueto zero.Thisschemecanbeiterateduntil the 8 factorsconverge(typically after
a few iterations). The upgradingtransformation³ canbe obtainedfrom diag � � � � � � � �{�µ�>³�÷ ö ³ Þ

by
decompositionof ÷ ö .
non-linear self-calibration refinement Beforegoing for a bundle-adjustmentit canstill be interesting
to refine the linear self-calibrationresultsthrougha minimization that only involvesthe cameraprojec-
tion matrices.Let us definethe functions Ó � î � � �l� î � � � � î � �  4� î � and

) � î � that respectively extract the focal
length,aspectratio, coordinatesof theprincipalpoint andskew from a projectionmatrix (in practicethis
is donebasedon QR-decomposition).Thenour expectationsfor thedistributionsof theparameterscould
betranslatedto thefollowing criterion(for a projectionmatrix normalizedasin Equation(6.12)):· �2³��@� ¬ � ;3<>=�? �ºÓ �2�µ�º³ � � �/� �<>=�? �6Æ{� � Â <@=A? �B�l�6�µ�º³ � � �/� �<>=�? � � î � � � Â � �2�µ�º³ � � � �� î � � Â  7�2�µ�~³ � � � �� î � � Â ) �2�µ�º³ � � � �� î � � � C

(6.15)
Notethatsince Ó and � indicaterelative andnot absolutevalues,it is moremeaningfulto uselogarithmic
valuesin theminimization.Thisalsonaturallyavoidsthatthefocal lengthwouldcollapseto zerofor some
degeneratecases.In this criterion ³ shouldbe parametrizedwith 8 parametersandinitialized with the
solutionof thelinearalgorithm.Therefinedsolutionfor thetransformationcanthenbeobtainedas:³ED �GF �d��H ? £O¤ ! · �6³�� (6.16)
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Sometermscanalsobe addedto enforceconstantparameters,e.g. IKJ LNM1I � I ¥§ªBO3PRQTSBS � J LUM � SBVJ LNM1I 465 � S V with
<>=�? Ó the

averagelogarithmof theobservedfocal length.Themetricstructureandmotionis thenobtainedas� þ �¯�µ³ � � and � þ �¯³�� (6.17)

This resultcanthenfurther be refinedthroughbundleadjustment.In this casethe constraintson the in-
trinsicsshouldalsobe enforcedduring the minimizationprocess.For moredetailsthe readeris referred
to [154].

6.3.1 Metric bundle adjustment

For high accuracy therecoveredmetricstructureshouldberefinedusinga maximumlikelihoodapproach
suchasthe bundleadjustment(seeAppendixA). In this case,however, the metric structureandnot the
projective structureis retrieved. This meansthat the cameraprojectionmatricesshouldbe parametrized
usingintrinsic andextrinsic parameters(andnot in homogeneousform asin the projective case).If one
assumesthat the error is only dueto mislocalizationof the imagefeaturesandthat this error is uniform
andnormallydistributed5, thebundleadjustmentcorrespondsto a maximumlikelihoodestimator. For this
to besatisfiedthecameramodelshouldbegeneralenoguhsothatno systematicerrorsremainin thedata
(e.g. dueto lensdistortion). In thesecircumstancesthe maximumlikelihoodestimationcorrespondsto
the solutionof a least-squaresproblem. In this casea criterion of the type of equation(6.2) shouldbe
minimized: · þXW ��� ² � ä � � â � � ãC�º�@� ®¬ �°­ � ¬²¾½
¿~ª ; �2� ² �§� � � � � ²� � � � ² � �ÃÂ �2� ² �r� � � � � ²� � � � ² � � C (6.18)

where Å&� is the set of indicescorrespondingto the points seenin view � and �µ�ZY\[ � Þ� � � Þ� � � Þ� �7] Þ �ä �/Ü â Þ� ù - â Þ� ãl� Ý . This criterionshouldbeextendedwith termsthatreflectthe(un)certaintyon theintrinsic
cameraparameters.This wouldyield acriterionof thefollowing form:· ±þXW ��� ² � ä � � â � � ãl�º� � � ®�°­ � � ²¾½
¿ ª . �2� ² �§��^ ª Q ©U_^ ª@` © _ � � Â �2� ² �§��^ ª V ©U_^ ª@` © _ � � 2Â � ®��­ � � « � ­ � ¶(��aÒ�$� � ä �6� � (6.19)

with ¶ � aregularizationfactorand a � � � ä � � representingtheconstraintsontheintrinsiccameraparameters,
e.g. a � � � Ó Ù � �^Ó Û � (known aspectratio), a � � �b� Ù � (known principalpoint) or Ó Ù � � Ó Ù (constantfocal
length).Thevaluesof thefactors¶ � dependon how stronglytheconstraintsshouldbeenforced.

6.4 Conclusion

In this chapterwe discussedhow to restrict the projective ambiguityof the reconstructionto metric (i.e.
Euclideanup to scale).After a brief discussionof traditionalcalibrationapproaches,we focussedon the
problemof self-calibration.Thegeneralconceptswereintroducedandthemostimportantmethodsbriefly
presented.Then a flexible self-calibrationapproachthat can deal with focusing/zoomingcameraswas
workedout in detail.

5This is a realisticassumptionsinceoutliersshouldhave beenremovedat this stageof theprocessing.
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Chapter 7

Densedepth estimation

With the cameracalibrationgiven for all viewpointsof the sequence,we canproceedwith methodsde-
velopedfor calibratedstructurefrom motion algorithms.The featuretrackingalgorithmalreadydelivers
a sparsesurfacemodelbasedon distinct featurepoints. This however is not sufficient to reconstructge-
ometricallycorrectandvisually pleasingsurfacemodels.This taskis accomplishedby a densedisparity
matchingthatestimatescorrespondencesfrom thegrey level imagesdirectlyby exploiting additionalgeo-
metricalconstraints.

Thischapteris organizedasfollows. In a first sectionrectificationis discussed.This makesit possible
to usestandardstereomatchingtechniqueson imagepairs. Stereomatchingis discussedin a second
section. Finally a multi-view approachthat allows to integratethe resultsobtainedfrom several pairs is
presented.

7.1 Image pair rectification

Thestereomatchingproblemcanbesolvedmuchmoreefficiently if imagesarerectified.Thisstepconsists
of transformingthe imagesso that the epipolarlines arealignedhorizontally. In this casestereomatch-
ing algorithmscan easily take advantageof the epipolarconstraintand reducethe searchspaceto one
dimension(i.e. correspondingrowsof therectifiedimages).

Thetraditionalrectificationschemeconsistsof transformingtheimageplanessothatthecorresponding
spaceplanesarecoinciding[4]. Thereexistmany variantsof thistraditionalapproach(e.g.[4, 29, 94, 175]),
it wasevenimplementedin hardware[15]. Thisapproachfailswhentheepipolesarelocatedin theimages
sincethiswouldhaveto resultsin infinitely largeimages.Evenwhenthis is not thecasetheimagecanstill
becomevery large(i.e. if theepipoleis closeto theimage).

Roy et al. [125] proposeda methodto avoid this problem,but their approachis relatively complex and
showssomeproblems.RecentlyPollefeysetal. [103] proposedasimplemethodwhichguaranteesminimal
imagesizeandworksfor all possibleconfiguration.Thismethodwill bepresentedin detailfurtheron,but
first thestandardplanarrectificationis briefly discussed.

7.1.1 Planar rectification

The standardrectificationapproachis relatively simple. It consistsof selectinga planeparallelwith the
baseline.Thetwo imagearethenreprojectedinto this plane.This is illustratedin Figure7.1. Thesenew
imagessatisfythestandardstereosetup.The differentmethodsfor rectificationmainly differ in how the
remainingdegreesof freedomarechosen.In thecalibratedcaseonecanchoosethedistancefrom theplane
to thebaselinesothatnopixelsarecompressedduringthewarpingfrom theimagesto therectifiedimages
andthenormalon theplanecanbechosenin themiddleof thetwo epipolarplanescontainingtheoptical
axes.In theuncalibratedcasethechoiceis lessobvious.Severalapproacheswereproposed(e.g.[29, 175]).
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Figure7.1: Planarrectification: �6ø ² � � ø �² � aretherectifiedimagesfor thepair �2ø&� � ø ² � (theplane ced should
beparallelto thebaseline�2��� � � ² � ).
7.1.2 Polar rectification

Herewe presenta simplealgorithmfor rectificationwhich candealwith all possiblecamerageometries.
Only theorientedfundamentalmatrix is required.All transformationsaredonein theimages.Theimage
sizeis assmallascanbeachievedwithoutcompressingpartsof theimages.This is achievedby preserving
thelengthof theepipolarlinesandby determiningthewidth independentlyfor everyhalf epipolarline.

For traditionalstereoapplicationsthelimitationsof standardrectificationalgorithmsarenot soimpor-
tant.Themaincomponentof cameradisplacementis parallelto theimagesfor classicalstereosetups.The
limited vergencekeepsthe epipolesfar from the images.New approachesin uncalibratedstructureand
motion aspresentedin this text however make it possibleto retrieve 3D modelsof scenesacquiredwith
hand-heldcameras.In this caseforwardmotioncanno longerbeexcluded.Especiallywhena streetor a
similar kind of sceneis considered.

Epipolar geometry

The epipolargeometrydescribesthe relationsthat exist betweentwo images. The epipolargeometryis
describedby thefollowing equation: � ± Þ 
 �É�¯� (7.1)

where� and � ± arehomogeneousrepresentationsof correspondingimagepointsand 
 is thefundamental
matrix. This matrix hasrank two, the right andleft null-spacecorrespondto theepipoles� and �,± which
arecommonto all epipolarlines. Theepipolarline correspondingto a point � is givenby

à ± ´f
 � with´ meaningequalityup to anon-zeroscalefactor(astrictly positivescalefactorwhenorientedgeometryis
used,seefurther).

Epipolar line transfer Thetransferof correspondingepipolarlines is describedby thefollowing equa-
tions: à ± ´b� � Þ à

or
à ´�� Þ à ± (7.2)

with � ahomographyfor anarbitraryplane.As seenin [81] avalid homographycanbeobtainedimmedi-
atelyfrom thefundamentalmatrix: � �óÜ � ± Ý � 
 Â � ±hg Þ (7.3)

with g a randomvectorfor which det�ji�ó� so that � is invertible. If onedisposesof cameraprojection
matricesanalternativehomographyis easilyobtainedas:

� � Þ � . � ± Þ 2lk � Þ
(7.4)
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Figure7.2:Epipolargeometrywith theepipolesin theimages.Notethatthematchingambiguityis reduced
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Figure7.3: Orientationof theepipolarlines.

where m indicatestheMoore-Penrosepseudoinverse.

Orienting epipolar lines Theepipolarlinescanbeorientedsuchthatthematchingambiguityis reduced
to half epipolarlinesinsteadof full epipolarlines.This is importantwhentheepipoleis in theimage.This
factwasignoredin theapproachof Roy etal. [125].

Figure 7.2 illustratesthis concept. Pointslocatedin the right halvesof the epipolarplaneswill be
projectedon theright partof theimageplanesanddependingon theorientationof theimagein this plane
this will correspondto theright or to theleft partof theepipolarlines.Theseconceptsareexplainedmore
in detail in thework of Laveau[74] on orientedprojectivegeometry(seealso[46]).

In practicethis orientationcanbeobtainedasfollows. Besidestheepipolargeometryonepoint match
is needed(note that 7 or more matcheswere neededanyway to determinethe epipolargeometry). An
orientedepipolarline

à
separatestheimageplaneinto apositiveanda negativeregion:Óonx���4�Ã� à Þ � with ���óÜ �Ð� �$Ý Þ

(7.5)

Note that in this casethe ambiguity on
à

is restrictedto a strictly positive scalefactor. For a pair of
matchingpoints ��� � �4±�� both ÓpnÚ�°�7� and ÓonTq��°�4± � shouldhave the samesign . Since

à ± is obtainedfrom
à

throughequation(7.2), this allows to determinethe sign of � . Oncethis sign hasbeendeterminedthe
epipolarline transferis oriented.We take theconventionthat thepositive sideof theepipolarline hasthe
positiveregionof theimageto its right. This is clarifiedin Figure7.3.
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maximumangle.

Rectification method

Thekey ideaof ournew rectificationmethodconsistsof reparameterizingtheimagewith polarcoordinates
(aroundtheepipoles).Sincetheambiguitycanbereducedto half epipolarlinesonly positive longitudinal
coordinateshave to be taken into account.Thecorrespondinghalf epipolarlinesaredeterminedthrough
equation(7.2) takingorientationinto account.

Thefirst stepconsistsof determiningthecommonregionfor bothimages.Then,startingfrom oneof the
extremeepipolarlines,therectifiedimageis built up line by line. If theepipoleis in theimageanarbitrary
epipolarline canbe chosenasstartingpoint. In this caseboundaryeffectscanbe avoidedby addingan
overlapof thesizeof thematchingwindow of thestereoalgorithm(i.e. usemorethan360degrees).The
distancebetweenconsecutiveepipolarlinesis determinedindependentlyfor everyhalf epipolarline sothat
no pixel compressionoccurs.This non-linearwarpingallows to obtaintheminimal achievableimagesize
without losingimageinformation.

Thedifferentstepsof thismethodsaredescribedmorein detail in thefollowing paragraphs.

Determining the commonregion Beforedeterminingthecommonepipolarlinestheextremalepipolar
lines for a single imageshouldbe determined.Theseare the epipolarlines that touch the outer image
corners.Thedifferentregionsfor thepositionof theepipolearegivenin Figure7.4.Theextremalepipolar
linesalwayspassthroughcornersof theimage(e.g.if theepipole � is in region1 theareabetween� r and� u ). Theextremeepipolarlinesfrom thesecondimagecanbeobtainedthroughthesameprocedure.They
shouldthenbetransferedto thefirst image.Thecommonregion is theneasilydeterminedasin Figure7.5

Determining the distancebetweenepipolar lines To avoid losingpixel informationthe areaof every
pixel shouldbeat leastpreservedwhentransformedto therectifiedimage.Theworstcasepixel is always
locatedon the imageborderoppositeto theepipole.A simpleprocedureto computethis stepis depicted
in Figure7.6.Thesameprocedurecanbecarriedout in theotherimage.In this casetheobtainedepipolar
line shouldbetransferredbackto thefirst image.Theminimumof bothdisplacementsis carriedout.

Constructing the rectifiedimage Therectifiedimagesarebuilt uprow by row. Eachrow correspondsto
acertainangularsector. Thelengthalongtheepipolarline is preserved.Figure7.7clarifiestheseconcepts.
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Figure7.7: Theimageis transformedfrom (x,y)-spaceto (r,{ )-space.Note that the { -axis is non-uniform
sothateveryepipolarline hasanoptimalwidth (thiswidth is determinedover thetwo images).

The coordinatesof every epipolarline aresaved in a list for later reference(i.e. transformationbackto
original images).Thedistanceof thefirst andthelastpixelsarerememberedfor every epipolarline. This
informationallowsa simpleinversetransformationthroughtheconstructedlook-uptable.

Note that an upperboundfor the imagesizeis easilyobtained.The height is boundby the contour
of the image

* Ç �}| Â�~ � . The width is boundby the diagonal � | � Â�~ �
. Note that the imagesize

is uniquelydeterminedwith our procedureandthat it is theminimumthatcanbeachievedwithout pixel
compression.

Transferring information back Informationaboutaspecificpoint in theoriginal imagecanbeobtained
as follows. The information for the correspondingepipolarline canbe looked up from the table. The
distanceto theepipoleshouldbecomputedandsubtractedfrom thedistancefor thefirst pixel of theimage
row. Theimagevaluescaneasilybeinterpolatedfor higheraccuracy.

To warp backa completeimagea moreefficient procedurethana pixel-by-pixel warpingcanbe de-
signed.Theimagecanbereconstructedradially (i.e. radarlike). All thepixelsbetweentwo epipolarlines
canthenbe filled in at oncefrom the informationthat is availablefor theseepipolarlines. This avoids
multiple look-upsin thetable.More detailson digital imagewarpingcanbefoundin [171].

7.1.3 Examples

As anexamplea rectifiedimagepair from theArenberg castleis shown for boththestandardrectification
andthenew approach.Figure7.8shows theoriginal imagepair andFigure7.9 shows therectifiedimage
pair for bothmethods.

A secondexampleshowsthatthemethodworksproperlywhentheepipoleis in theimage.Figure7.10
shows thetwo original imageswhile Figure7.11shows thetwo rectifiedimages.In this casethestandard
rectificationprocedurecannot deliver rectifiedimages.
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Figure7.8: Imagepair from anArenberg castlein Leuvenscene.

Figure7.9: Rectifiedimagepair for bothmethods:standardhomographybasedmethod(top),new method
(bottom).
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Figure7.10: Imagepair of theauthor’s deska few daysbeforea deadline.Theepipoleis indicatedby a
whitedot (top-rightof ’Y’ in ’VOLLEYBALL’).

A stereomatchingalgorithm wasusedon this imagepair to computethe disparities. The raw and
interpolateddisparitymapscanbeseenin Figure7.12.Figure7.13showsthedepthmapthatwasobtained.
Notefrom theseimagesthatthereis animportantdepthuncertaintyaroundtheepipole.In facttheepipole
forms a singularity for the depthestimation. In the depthmap of Figure 7.13 an artifact can be seen
aroundthepositionof theepipole.Theextendis muchlongerin onespecificdirectiondueto thematching
ambiguityin this direction(seetheoriginal imageor themiddle-rightpartof therectifiedimage).

7.2 Stereomatching

Stereomatchingis a problemthat hasbeenstudiedover several decadesin computervision andmany
researchershave worked at solving it. The proposedapproachescanbe broadlyclassifiedinto feature-
andcorrelation-basedapproaches[24]. Someimportantfeaturebasedapproacheswereproposedby Marr
andPoggio[84], Grimson[40], Pollard,MayhemandFrisby [96] (all relaxationbasedmethods),Gim-
mel’Farb[38] andBakerandBinford [6] andOhtaandKanade[92] (usingdynamicprogramming).

Successfulcorrelationbasedapproacheswerefor exampleproposedby OkutomiandKanade[93] or
Cox et al.[16]. The latter was recentlyrefinedby Koch [67] and Falkenhagen[25, 26]. It is this last
algorithmthatwill bepresentedin this section.Anotherapproachbasedon opticalflow wasproposedby
Proesmanset al. [122].

7.2.1 Exploiting sceneconstraints

Theepipolarconstraintrestrictsthesearchrangefor acorrespondingpoint �4� in oneimageto theepipolar
line in theotherimage.It imposesnorestrictionsontheobjectgeometryotherthatthereconstructedobject
point � layson the line of sight �l� from theprojectioncenterof ��� andthroughthecorrespondingpoint�7� asseenin Figure7.14(left). Thesearchfor thecorrespondingpoint � ² is restrictedto theepipolarline
but no restrictionsareimposedalongthesearchline.

If we now think of the epipolarconstraintasbeinga planespannedby the line of sight �l� and the
baselineconnectingthe cameraprojectioncenters,thenwe will find the epipolarline by intersectingthe
imageplaneø ² with this epipolarplane.

This planealsointersectsthe imageplane ø�� andit cutsa 3D profile out of the surfaceof the scene
objects.Theprofile projectsontothecorrespondingepipolarlines in ø�� and ø ² whereit formsanordered
setof neighboringcorrespondences,asindicatedin Figure7.14(right).

For well behaved surfacesthis orderingis preserved anddeliversan additionalconstraint,known as
’ordering constraint’. Sceneconstraintslike this canbe appliedby makingweakassumptionsaboutthe
object geometry. In many real applicationsthe observed objectswill be opaqueand composedout of
piecewisecontinuoussurfaces.If this restrictionholdsthenadditionalconstraintscanbe imposedon the
correspondenceestimation. Koschan[72] listed as many as 12 different constraintsfor correspondence
estimationin stereopairs.Of them,themostimportantapartfrom theepipolarconstraintare:

1. OrderingConstraint: For opaquesurfacesthe order of neighboringcorrespondenceson the cor-
respondingepipolarlines is alwayspreserved. This orderingallows the constructionof a dynamic
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Figure7.11: Rectifiedpair of imagesof thedesk.It canbeverifiedvisually thatcorrespondingpointsare
locatedoncorrespondingimagerows. Theright sideof theimagescorrespondsto theepipole.

programmingschemewhichis employedby many densedisparityestimationalgorithms[38, 16, 26].

2. UniquenessConstraint:Thecorrespondencebetweenany two correspondingpointsis bidirectional
as long asthereis no occlusionin oneof the images. A correspondencevectorpointing from an
imagepoint to its correspondingpoint in theotherimagealwayshasa correspondingreversevector
pointingback.This testis usedto detectoutliersandocclusions.

3. DisparityLimit: Thesearchbandis restrictedalongtheepipolarline becausetheobservedscenehas
only a limited depthrange(seeFigure7.14,right).

4. Disparity continuity constraint: The disparitiesof the correspondencesvary mostly continuously
andstepedgesoccuronly at surfacediscontinuities.This constraintrelatesto the assumptionof
piecewisecontinuoussurfaces.It providesmeansto furtherrestrictthesearchrange.For neighboring
imagepixelsalongtheepipolarline onecaneven imposeanupperboundon thepossibledisparity
change.Disparitychangesabovetheboundindicateasurfacediscontinuity.

All above mentionedconstraintsoperatealongthe epipolarlines which may have an arbitraryorien-
tation in the imageplanes.Thematchingprocedureis greatlysimplified if the imagepair is rectifiedto a
standardgeometry. How this canbeachievedfor anarbitraryimagepair is explainedin theSection7.1.2.
In standardgeometrybothimageplanesarecoplanarandtheepipolesareprojectedto infinity. Therectified
imageplanesareorientedsuchthattheepipolarlinescoincidewith theimagescanlines.Thiscorresponds
to a cameratranslatedin thedirectionof the � -axisof theimage.An exampleis shown in figure7.15. In
this casetheimagedisplacementsbetweenthetwo imagesor disparitiesarepurelyhorizontal.
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Figure7.12:Raw andinterpolateddisparityestimatesfor thefar imageof thedeskimagepair.

Figure7.13:Depthmapfor thefar imageof thedeskimagepair.

7.2.2 Constrainedmatching

For densecorrespondencematchinga disparityestimatorbasedon the dynamicprogrammingschemeof
Cox et al. [16], is employed that incorporatesthe above mentionedconstraints.It operateson rectified
imagepairswheretheepipolarlinescoincidewith imagescanlines. Thematchersearchesat eachpixel
in image øG�� for maximumnormalizedcrosscorrelationin ø � � by shifting a small measurementwindow
(kernelsize5x5 or 7x7) alongthe correspondingscanline. The selectedsearchstepsize �Ì� (usually
1 pixel) determinesthe searchresolutionandtheminimumandmaximumdisparityvaluesdeterminethe
searchregion. This is illustratedin Figure7.16.

Matchingambiguitiesareresolvedby exploiting theorderingconstraintin thedynamicprogramming
approach[67]. The algorithmwasfurtheradaptedto employ extendedneighborhoodrelationshipsanda
pyramidalestimationschemeto reliably dealwith very large disparityrangesof over 50% of the image
size[26]. Theestimateis storedin a disparitymap � I � ¨ ²KS with oneof thefollowing values:

– avalid correspondence� �² �d� I � ¨ ²@S Ü � ² � Ý ,
– anundetectedsearchfailurewhich leadsto anoutlier,
– adetectedsearchfailurewith nocorrespondence.
A confidencevalue is kept togetherwith the correspondencethat tells if a correspondenceis valid
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Figure7.14: Objectprofile triangulationfrom orderedneighboringcorrespondences(left). Rectification
andcorrespondencebetweenviewpoints Ë and � (right).

Figure7.15:Standardstereosetup
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Figure7.16: Cross-correlationfor two correspondingepipolarlines (light meanshigh cross-correlation).
A dynamicprogrammingapproachis usedto estimatetheoptimalpath.
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and how good it is. The confidenceis derived from the local imagevarianceand the maximumcross
correlation[71]. To furtherreducemeasurementoutlierstheuniquenessconstraintis employedby estimat-
ing correspondencesbidirectionally ���ºË"���6� � ������� Ë\� . Only theconsistentcorrespondenceswithù ���6Ë"���º� �Á������� Ë\��ù����Ô� arekeptasvalid correspondences.

7.3 Multi-view stereo

The pairwisedisparityestimationallows to computeimageto imagecorrespondencesbetweenadjacent
rectifiedimagepairs,andindependentdepthestimatesfor eachcameraviewpoint. An optimal joint esti-
matewill be achievedby fusing all independentestimatesinto a common3D model. The fusioncanbe
performedin an economicalway throughcontrolledcorrespondencelinking asdescribedin this section.
The approachutilizes a flexible multi-viewpoint schemeby combiningthe advantagesof small baseline
andwidebaselinestereo.

As small baselinestereowe defineviewpointswherethebaselineis muchsmallerthantheobserved
averagescenedepth.This configurationis usuallyvalid for imagesequencesweretheimagesaretakenas
a spatialsequencefrom many slightly varyingview-points.Theadvantages(+) anddisadvantages(–) are

+ easycorrespondenceestimation,sincetheviewsaresimilar,
+ smallregionsof viewpoint relatedocclusions1,
– smalltriangulationangle,hencelargedepthuncertainty.
Thewide baselinestereo in contrastis usedmostlywith still imagephotographsof a scenewherefew

imagesaretakenfrom averydifferentviewpoint. Herethedepthresolutionis superiorbut correspondence
andocclusionproblemsappear:

– hardcorrespondenceestimation,sincetheviewsarenot similar,
– largeregionsof viewpoint relatedocclusions,
+ big triangulationangle,hencehighdepthaccuracy.
The multi-viewpoint linking combinesthe virtuesof both approaches.In addition it will produce

denserdepthmapsthaneitherof theothertechniques,andallowsadditionalfeaturesfor depthandtexture
fusion.Advantagesare:

+ verydensedepthmapsfor eachviewpoint,
+ no viewpointdependentocclusions,
+ highestdepthresolutionthroughviewpoint fusion,
+ textureenhancement(meantexture,highlight removal, super-resolutiontexture).

7.3.1 Corr espondenceLinking Algorithm

Thecorrespondencelinking is describedin this section.It concatenatescorrespondingimagepointsover
multiple viewpointsby correspondencetrackingover adjacentimagepairs. This of courseimplies that
the individually measuredpair matchesareaccurate.To accountfor outliers in pair matches,somero-
bustcontrolstrategiesneedto beemployedto checkthevalidity of thecorrespondencelinking. Consider
an imagesequencetaken from Ë[� Ü � �N� Ý

viewpoints. Assumethat the sequenceis taken by a camera
moving sidewayswhile keepingtheobjectin view. For any view point � let usconsiderthe imagetripleÜ ø&� � � � ø�� � ø&�G� � Ý . The imagepairs( ø&� � � , ø&� ) and( ø&� , ø���� � ) form two stereoscopicimagepairswith cor-
respondenceestimatesasdescribedabove. We have now defined3 representationsof imageandcamera
matricesfor eachviewpoint: the original image ø � andprojectionmatrix � � , their transformedversionsø � � �� � � � � �� rectifiedtowardsview point Ë�� �

with transformationâ � � �� andthetransformedø ��� �� � 0 ��� ��
rectifiedtowardsviewpoint Ë Â �

with mappingâ ��� �� . TheDisparitymap � I � ¨ � � � S holdsthedownward
correspondencesfrom ø � � �� to ø �� � � while the map � I � ¨ ��� � S containsthe upward correspondencesfromø ��� �� to ø ��G� � . We cannow createtwo chainsof correspondencelinks for an imagepoint �7� , oneup and
onedown theimageindex Ë .

1As view point relatedocclusionswe considerthosepartsof the object that arevisible in one imageonly, due to objectself-
occlusion.
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Upwardslinking: ��� ��� � � â ��G� � � � � � I � ¨ ��� � S Ü â ��� �� � � Ý
Downwardslinking: � � � �á� � â �� � � � � � � I � ¨ � � � S Ü â � � �� �4� Ý

Thislinking processis repeatedalongtheimagesequenceto createachainof correspondencesupwards
and downwards. Every correspondencelink requires2 mappingsand 1 disparity lookup. Throughout
the sequenceof N images,

* � � � � � disparitymapsarecomputed.The multi-viewpoint linking is then
performedefficiently via fastlookupfunctionson thepre-computedestimates.

Due to the rectificationmappingtransformedimagepoint will normally not fall on integer pixel co-
ordinatesin the rectifiedimage. The lookup of an imagedisparity in the disparitymapD will therefore
requirean interpolationfunction. Sincedisparitymapsfor piecewisecontinuoussurfaceshave a spatially
low frequency content,abilinearinterpolationbetweenpixelssuffices.

Occlusionsand visibility

In atriangulationsensorwith two viewpoints Ë and � two typesof occlusionoccur. If partsof theobjectare
hiddenin bothviewpointsdueto objectself-occlusion,thenwespeakof objectocclusionswhichcannotbe
resolvedfrom thisviewpoint. If asurfaceregionis visible in viewpoint Ë but not in � , wespeakof ashadow
occlusion. Theregionshave a shadow-like appearanceof undefineddisparityvaluessincetheocclusions
at view � casta shadow on theobjectasseenfrom view Ë . Shadow occlusionsarein factdetectedby the
uniquenessconstraintdiscussedin section7.2. A solution to avoid shadow occlusionsis to incorporate
a symmetricalmulti-viewpoint matcherasproposedin this contribution. Pointsthatareshadowedin the
(right) view Ë Â �

arenormally visible in the (left) view ËÈ� �
andvice versa. The exploitation of up-

anddown-links will resolve for mostof the shadow occlusions.A helpful measurein this context is the
visibility V that definesfor a pixel in view Ë the maximumnumberof possiblecorrespondencesin the
sequence.�ó� �

is causedby a shadow occlusion,�f� � *
allowsadepthestimate.

Depth estimationand outlier detection

Caremustbe taken to excludeinvalid disparityvaluesor outliersfrom the chain. If an invalid disparity
valueis encountered,thechainis terminatedimmediately. Outliersaredetectedby controllingthestatistics
of thedepthestimatecomputedfrom thecorrespondences.Inliers will updatethedepthestimateusinga
1-D Kalmanfilter.

Depth and uncertainty Assumea 3D surfacepoint � that is projectedonto its correspondingimage
points �4�È� ���x� � � ² � � ² � . The inverseprocessholdsfor triangulating� from the correspondingpoint
pair ��� � � � ² � . We canin factexploit thecalibratedcamerageometryandexpressthe3D point � asa depth
value Ö © alongtheknown line of sight �p� ¦ thatextendsfrom thecameraprojectioncenterthroughtheimage
correspondence� � . Triangulationcomputesthedepthasthelengthof ��� ¦ connectingthecameraprojection
centerandthe locusof minimum distancebetweenthecorrespondinglinesof sight. The triangulationis
computedfor eachimagepoint andstoredin a densedepthmapassociatedwith theviewpoint.

Thedepthfor eachreferenceimagepoint �\� is improvedby the correspondencelinking thatdelivers
two listsof imagecorrespondencesrelativeto thereference,onelinking down from Ë"� �

andonelinking
up from Ë�� � . For eachvalid correspondingpoint pair ���(� � �7�"� we cantriangulatea consistentdepth
estimateÖ4�°� � � � ² � along ��� ¦ with Õ ² representingthe depthuncertainty. Figure7.17(left) visualizesthe
decreasinguncertaintyinterval during linking. While the disparity measurementresolution �Ô� in the
imageis keptconstant(at1 pixel), thereprojecteddeptherror Õ ² decreaseswith thebaseline.

Outlier detectionand inlier fusion As measurementnoisewe assumea contaminatedGaussiandistri-
bution with a mainpeakwithin a small interval (of 1 pixel) anda smallpercentageof outliers.Inlier noise
is causedby the limited resolutionof thedisparitymatcherandby the interpolationartifacts.Outliersare
undetectedcorrespondencefailuresandmay be arbitrarily large. As thresholdto detectthe outlierswe
utilize the depthuncertaintyinterval ÕÚ� . Thedetectionof an outlier at Ë terminatesthe linking at ËT� �

.
All depthvalues Ü ÖC� � Ö,��� � � î°î�î � Ö ² � � Ý areinlier depthvaluesthat fall within theuncertaintyinterval around
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Figure 7.17: Depth fusion and uncertaintyreductionfrom correspondencelinking (left). Detectionof
correspondenceoutliersby depthinterval testing(right).

the meandepthestimate.They arefusedby a simple1-D kalmanfilter to obtainan optimalmeandepth
estimate.

Figure7.17(right)explainstheoutlier selectionandlink terminationfor theup-link. Theoutlierdetec-
tion schemeis not optimalsinceit relieson thepositionof theoutlier in thechain.Valid correspondences
behindtheoutlierarenotconsideredanymore.It will, however, alwaysbeasgoodasasingleestimateand
in generalsuperiorto it. In addition,sincewe processbidirectionallyup- anddown-link, we alwayshave
two correspondencechainsto fusewhich allows for oneoutlierperchain.

7.3.2 Someresults

In thissectiontheperformanceof thealgorithmis testedonthetwo outdoorsequencesCastleandFountain.

Castlesequence TheCastlesequenceconsistsof imagesof 720x576pixel resolutiontakenwith a stan-
dardsemi-professionalcamcorderthat wasmoved freely in front of a building. The quantitative perfor-
manceof correspondencelinking canbe testedin differentways. Onemeasurealreadymentionedis the
visibility of an objectpoint. In connectionwith correspondencelinking, we have definedvisibility � as
thenumberof views linkedto thereferenceview. Anotherimportantfeatureof thealgorithmis thedensity
andaccuracy of thedepthmaps.To describeits improvementover the2-view estimator, we definethefill
rate � andtheaveragerelativedeptherror � asadditionalmeasures.

Visibility � Ü  ,�~Õ`Ï ) Ý
: averagenumberof views linkedto thereferenceimage.

Fill Rate �TÜ�� Ý
: Numberof valid pixels

Totalnumberof pixels
Depth error � Ü�� Ý

: standarddeviationof relativedeptherror Õ » for all valid pixels.

The 2-view disparity estimatoris a specialcaseof the proposedlinking algorithm, henceboth can
be comparedon an equalbasis. The 2-view estimatoroperateson the imagepair �6Ë � Ë Â � � only, while
themulti-view estimatoroperateson a sequence

� ��Ë�� � with � � � Æ . Theabovedefinedstatistical
measureswerecomputedfor differentsequencelengthsN. Figure7.18displaysvisibility andrelativedepth
error for sequencesfrom 2 to 15 images,chosensymmetricallyaroundthereferenceimage.Theaverage
visibility � shows thatfor up to 5 imagesnearlyall viewsareutilized. For 15 images,ataverage9 images
arelinked. Theamountof linking is reflectedin therelative deptherror thatdropsfrom 5% in the2 view
estimatorto about1.2%for 15 images.

Linking two views is the minimum casethat allows triangulation. To increasethe reliability of the
estimates,a surfacepoint shouldoccur in morethantwo images.We canthereforeimposea minimum
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Figure7.18: Statisticsof thecastlesequence.Influenceof sequencelength � on visibility � andrelative
deptherror � . (left) Influenceof minimum visibility � « � ® on fill rate � anddeptherror � for � � �{�
(center). Depthmap(above: dark=near, light=far) anderror map(below: dark=large error, light=small
error)for � � �
�

and � « � ® �IÆ (right).

visibility � « � ® on a depthestimate.This will rejectunreliabledepthestimateseffectively, but will also
reducethefill rateof thedepthmap.

The graphsin figure 7.18(center)show the dependency of the fill rateanddeptherror on minimum
visibility for N=11. The fill ratedropsfrom 92% to about70%, but at the sametime the deptherror is
reducedto 0.5%dueto outlier rejection.Thedepthmapandtherelative errordistribution over thedepth
mapis displayedin Figure7.18(right).Theerrordistributionshowsaperiodicstructurethatin factreflects
the quantizationuncertaintyof the disparityresolutionwhenit switchesfrom onedisparityvalueto the
next.

Fountain sequence TheFountainsequenceconsistsof 5 imagesof thebackwall of theUpperAgoraat
thearchaeologicalsiteof Sagalassosin Turkey, takenwith a digital camerawith 573x764pixel resolution.
It showsaconcavity in whichonceastatuewassituated.

N[view] ��Ü  ,�ûÕ`Ï ) Ý �TÜ�� Ý � Ü�� Ý
2 2 89.8728 0.294403
3 2.85478 96.7405 0.208367
5 4.23782 96.4774 0.121955

Table7.1: Statisticsof thefountainsequencefor visibility � , fill rate � anddeptherror � .

The performancecharacteristicsaredisplayedin the table7.1. The fill rate is high and the relative
erroris ratherlow becauseof a fairly wide baselinebetweenviews. This is reflectedin thehigh geometric
quality of depththe mapandthe reconstruction.Figure7.19shows from left to right images1 and3 of
thesequence,thedepthmapascomputedwith the2-view estimator, andthedepthmapwhenusingall 5
images.Thewhite (undefined)regionsin the 2-view depthmaparedueto shadow occlusionswhich are
almostcompletelyremovedin the5-view depthmap.This is reflectedin thefill ratethatincreasesfrom 89
to 96%. It shouldbenotedthat for this sequencea very largesearchrangeof 400pixelswasused,which
is over70%of theimagewidth. Despitethis largesearchrangeonly few matchingerrorsoccurred.
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Figure7.19: First andlast imageof fountainsequence(left). Depthmapsfrom the2-view andthe5-view
estimator(from left to right) showing theverydensedepthmaps(right).
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7.4 Conclusion

In thischapterwepresentedaschemethatcomputesdenseandaccuratedepthmapsbasedonthesequence
linking of pairwiseestimateddisparitymaps.First a matchingalgorithmwaspresentedwhich computes
correspondingpointsfor animagepair in standardstereoconfiguration.Thenit wasexplainedhow images
canberectifiedsothatany pairof imagescanbebroughtto thisconfiguration.Finally amulti-view linking
approachwaspresentedwhichallowsto combinetheresultsto obtainmoreaccurateanddensedepthmaps.
The performanceanalysisshowed that very densedepthmapswith fill ratesof over 90 % anda relative
deptherrorof 0.1%canbemeasuredwith off-the-shelfcamerasevenin unrestrictedoutdoorenvironments
suchasanarchaeologicalsite.
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Chapter 8

Modeling

In thepreviouschapterswehaveseenhow theinformationneededto build a3D modelcouldautomatically
be obtainedfrom images.This chapterexplainshow this informationcanbe combinedto build realistic
representationsof thescene.It is notonly possibleto generateasurfacemodelor volumetricmodeleasily,
but all thenecessaryinformationis availableto build lightfield modelsor evenaugmentedvideosequences.
Thesedifferentcaseswill now bediscussedin moredetail.

8.1 Surfacemodel

The 3D surfaceis approximatedby a triangularmeshto reducegeometriccomplexity and to tailor the
model to the requirementsof computergraphicsvisualizationsystems. A simple approachconsistsof
overlayinga 2D triangularmeshon top of the imageandthenbuild a corresponding3D meshby placing
theverticesof the trianglesin 3D spaceaccordingto thevaluesfound in thedepthmap. To reducenoise
it is recommendedto first smooththedepthimage(thekernelcanbechosenof thesamesizeasthemesh
triangles).Theimageitself canbeusedastexturemap(thetexturecoordinatesaretrivially obtainedasthe
2D coordinatesof thevertices).

It canhappenthat for someverticesno depthvalueis availableor that theconfidenceis too low (see
Section7.2.2). In thesecasesthecorrespondingtrianglesarenot reconstructed.Thesamehappenswhen
trianglesare placedover discontinuities. This is achieved by selectinga maximumanglebetweenthe
normalof a triangleandtheline of sightthroughits center(e.g.85 degrees).

Thissimpleapproachworksverywell on thedepthmapsobtainedaftermulti-view linking. Onsimple
stereodepthmapsit is recommendedto usea moreadvancedtechniquedescribedin [71]. In this casethe
boundariesof theobjectsto bemodeledarecomputedthroughdepthsegmentation.In afirst step,anobject
is definedasaconnectedregion in space.Simplemorphologicalfiltering removesspuriousandverysmall
regions. Thena boundedthin platemodelis employedwith a secondordersplineto smooththe surface
andto interpolatesmallsurfacegapsin regionsthatcouldnot bemeasured.

The surfacereconstructionapproachis illustratedin Figure 8.1. The obtained3D surfacemodel is
shown in Figure8.2with shadingandwith texture. Notethatthis surfacemodelis reconstructedfrom the
viewpointof a referenceimage.If thewholescenecannotbeseenfrom oneimage,it it necessaryto apply
a techniqueto fusedifferentsurfacestogether(e.g.[158, 19]).

8.1.1 Texture enhancement

Thecorrespondencelinking builds a controlledchainof correspondencesthatcanbeusedfor textureen-
hancementaswell. At eachreferencepixel onemay collect a sortedlist of imagecolor valuesfrom the
correspondingimagepositions.This allows to enhancetheoriginal texturein many waysby accessingthe
colorstatistics.Somefeaturesthatarederivednaturallyfrom thelinking algorithmare:

77



78 CHAPTER8. MODELING

Figure 8.1: Surfacereconstructionapproach:A triangularmesh(left) is overlaid on top of the image
(middle).Theverticesareback-projectedin spaceaccordingto thevaluefoundin thedepthmap(right).

Figure8.2: 3D surfacemodelobtainedautomaticallyfroman uncalibratedimage sequence, shaded(left),
textured(right).
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Figure8.3: close-upview (left), 4x zoomedoriginalregion(top-right),generationof median-filteredsuper-
resolutiontexture(bottom-right).

Highlight and reflectionremoval : A medianor robustmeanof thecorrespondingtexturevaluesis com-
putedto discardimagingartifactslikesensornoise,specularreflectionsandhighlights[91]. An exampleof
highlight removal is shown in Figure8.3.

Super-resolution texture : Thecorrespondencelinking is not restrictedto pixel-resolution,sinceeach
sub-pixel-positionin thereferenceimagecanbeusedto startacorrespondencechain.Thecorrespondence
valuesarequeriedfrom the disparitymapthroughinterpolation.The objectis viewedby many cameras
of limited pixel resolution,but eachimagepixel grid will in generalbe slightly displaced.This canbe
exploitedto createsuper-resolutiontextureby fusingall imageson a finer resamplinggrid[60].

Bestview selectionfor highest texture resolution : For eachsurfaceregion arounda pixel the image
which hasthe highestpossibletexture resolutionis selected,basedon the object distanceand viewing
angle.Thecompositeimagetakesthehighestpossibleresolutionfrom all imagesinto account.

8.1.2 Volumetric integration

To generatea complete3D modelfrom differentdepthmapswe proposeto usethevolumetricintegration
approachof CurlessandLevoy [19]. Thisapproachis describedin this section.

Thealgorithmemploysacontinuousimplicit function, �����\� , representedby samples.Thefunctionwe
representis theweightedsigneddistanceof eachpoint to thenearestrangesurfacealongtheline of sight
to the sensor. We constructthis functionby combiningsigneddistancefunctions, Ö � ���\� � Ö � �2�l� î&î&î Ö ® �2�\�
andweightfunctionsÏ � �2�\� � Ï � ���\� î&î�î Ï ® �2� ® � obtainedfrom thedepthmapsfor thedifferentimages.The
combiningrules gives a cumulative signeddistancefunction for eachvoxel, �����\� , and a cumulative
weight | �2�\� . Thesefunctionsarerepresentedon a discretevoxel grid andanisosurfacecorrespondingto���2�4��� � is extracted.Undera certainsetof assumptions,this isosurfaceis optimal in the leastsquares
sense[18].

Figure8.4illustratestheprincipleof combiningunweightedsigneddistancesfor thesimplecaseof two
rangesurfacessampledfrom the samedirection. Note that the resultingisosurfacewould be the surface
createdby averagingthetwo rangesurfacesalongthesensor’s linesof sight. In general,however, weights
arenecessaryto representvariationsin certaintyacrosstherangesurfaces.Thechoiceof weightsshould
be specificto the depthestimationprocedure.It is proposedto make weightsdependon the dot product
betweeneachvertex normalandtheviewing direction,reflectinggreateruncertaintywhentheobservation
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Figure8.4: Unweightedsigneddistancefunctionsin 3D. (a)A cameralookingdown thex-axisobservesa
depthimage,shown hereasa reconstructedsurface.Following oneline of sightdown thex-axis,a signed
distancefunctionasshown canbegenerated.Thezero-crossingof this function is a point on thesurface.
(b) Anotherdepthmapyieldsa slightly differentsurfacedueto noise.Following thesameline of sightas
before,weobtainanothersigneddistancefunction.By summingthesefunctions,wearriveatacumulative
functionwith anew zero-crossingpositionedmidwaybetweentheoriginal rangemeasurements.

is atgrazinganglesto thesurface,asSoucy [135] proposedfor opticaltriangulationscanners.Depthvalues
at theboundariesof ameshtypically havegreateruncertainty, requiringmoredown-weighting.

Figure8.5 illustratestheconstructionandusageof thesigneddistanceandweightfunctionsin 1D. In
Figure8.5a,the sensoris positionedat the origin looking down the +x axis andhastaken two measure-
ments,� � and � � . Thesigneddistanceprofiles, Ö � �2�4� and Ö � ���4� mayextendindefinitelyin eitherdirection,
but theweightfunctions,Ï � �2�4� and Ï � ���7� , taperoff behindtherangepointsfor reasonsdiscussedbelow.

Figure8.5bis theweightedcombinationof thetwo profiles.Thecombinationrulesarestraightforward:�����7�ï� � Ï � �2�4��Ö � ���4�� Ï �:�2�4� (8.1)

| ���7� � ¬ Ï � ���4� (8.2)

where,Ö,�:�2�4� and Ï � ���7� arethesigneddistanceandweightfunctionsfrom theith rangeimage.Expressed
asanincrementalcalculation,therulesare:�O�>� � �2�4� � | � ���7��� � ���4� Â Ï � ���7��Ö � �2�4���| � ���7� Â ÏW�>� � ���7� (8.3)| �@� � �2�4� � | � ���7� Â Ï � �2�4� (8.4)

where � ¿ ���4� and | � ���4� arethecumulative signeddistanceandweight functionsafter integratingthe ith
rangeimage. In the specialcaseof onedimension,the zero-crossingof the cumulative function is at a
range,R givenby: � � � Ï � � �� Ï � (8.5)

i.e., a weightedcombinationof the acquiredrangevalues,which is what one would expect for a least
squaresminimization.

In principle,thedistanceandweightingfunctionsshouldextendindefinitelyin eitherdirection.How-
ever, to prevent surfaceson oppositesidesof the object from interferingwith eachother, we force the
weighting function to taperoff behindthe surface. Thereis a trade-off involved in choosingwherethe
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Figure8.5: Signeddistanceandweightfunctionsin onedimension.(a) Thesensorlooksdown thex-axis
and takes two measurements,� � and � � . Ö � �2�4� and Ö � ���4� are the signeddistanceprofiles,and Ï � ���4�
and Ï � �2�4� arethe weight functions. In 1D, we might expecttwo sensormeasurementsto have thesame
weightmagnitudes,but wehaveshown themto beof differentmagnitudehereto illustratehow theprofiles
combinein thegeneralcase.(b) ���2�4� is aweightedcombinationof Ö � �2�4� and Ö � ���4� , and | ���7� is thesum
of theweight functions.Giventhis formulation,thezero-crossing,

�
, becomestheweightedcombination

of � � and � � andrepresentsourbestguessof thelocationof thesurface.In practice,wetruncatethedistance
rampsandweightsto thevicinity of therangepoints.

weightfunctiontapersoff. It shouldpersistfarenoughbehindthesurfaceto ensurethatall distanceramps
will contributein thevicinity of thefinal zerocrossing,but, it shouldalsobeasnarrow aspossibleto avoid
influencingsurfaceson the otherside. To meettheserequirements,we force the weightsto fall off at a
distanceequalto half themaximumuncertaintyinterval of thedepthmeasurements.Similarly, thesigned
distanceandweight functionsneednot extendfar in front of thesurface.Restrictingthe functionsto the
vicinity of the surfaceyields a more compactrepresentationand reducesthe computationalexpenseof
updatingthevolume.

In two andthreedimensions,the depthmeasurementscorrespondto curvesor surfaceswith weight
functions,andthesigneddistancerampshave directionsthatareconsistentwith theprimarydirectionsof
sensoruncertainty.

For threedimensions,wecansummarizethewholealgorithmasfollows.First,wesetall voxel weights
to zero,sothatnew datawill overwritetheinitial grid values.Thesigneddistancecontributionis computed
by makingthedifferencebetweenthedepthreadout at the projectionof the grid point in thedepthmap
andtheactualdistancebetweenthepoint andthecameraprojectioncenter. Theweight is obtainedfrom a
weightmapthathasbeenprecomputed.Having determinedthesigneddistanceandweightwe canapply
theupdateformulaedescribedin equations(8.3)and(8.4).

At any point duringthemergingof therangeimages,we canextractthezero-crossingisosurfacefrom
the volumetricgrid. We restrict this extractionprocedureto skip sampleswith zeroweight, generating
trianglesonly in theregionsof observeddata.Theprocedureusedfor this is marchingcubes[79].

Mar ching cubes MarchingCubesis analgorithmfor generatingisosurfacesfrom volumetricdata.If one
or morevoxelsof a cubehave valueslessthanthetargetedisovalue,andoneor morehave valuesgreater
thanthis value,we know the voxel mustcontribute somecomponentof the isosurface. By determining
which edgesof thecubeareintersectedby the isosurface,triangularpatchescanbecreatedwhich divide
the cubebetweenregionswithin the isosurfaceandregionsoutside. By connectingthe patchesfrom all
cubeson theisosurfaceboundary, a surfacerepresentationis obtained.

Therearetwo majorcomponentsof this algorithm. The first is decidinghow to definethe sectionor
sectionsof surfacewhich chopup an individual cube. If we classifyeachcorneraseitherbeingbelow
or above the isovalue, thereare256 possibleconfigurationsof cornerclassifications.Two of theseare
trivial; whereall pointsareinsideor outsidethe cubedoesnot contribute to the isosurface. For all other
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Figure8.6: The14differentconfigurationsfor marchingcubes.

configurationswe needto determinewhere,alongeachcubeedge,the isosurfacecrosses,andusethese
edgeintersectionpointsto createoneor moretriangularpatchesfor theisosurface.

If youaccountfor symmetries,therearereallyonly 14uniqueconfigurationsin theremaining254pos-
sibilities. Whenthereis only onecornerlessthantheisovalue,this formsasingletrianglewhich intersects
theedgeswhich meetat this corner, with thepatchnormalfacingaway from thecorner. Obviously there
are8 relatedconfigurationsof this sort. By reversingthe normalwe get 8 configurationswhich have 7
cornerslessthanthe isovalue. We don’t considerthesereally unique,however. For configurationswith 2
cornerslessthantheisovalue,thereare3 uniqueconfigurations,dependingon whetherthecornersbelong
to the sameedge,belongthe samefaceof the cube,or arediagonallypositionedrelative to eachother.
For configurationswith 3 cornerslessthantheisovaluethereareagain3 uniqueconfigurations,depending
on whetherthereare0, 1, or 2 sharededges(2 sharededgesgivesyou an ’L’ shape).Thereare7 unique
configurationswhenyou have 4 cornerslessthanthe isovalue,dependingon whetherthereare0, 2, 3 (3
variantson this one),or 4 sharededges.Thedifferentcasesareillustratedin Figure8.6

Eachof thenon-trivial configurationsresultsin between1 and4 trianglesbeingaddedto theisosurface.
Theactualverticesthemselvescanbecomputedby interpolationalongedges.

Now that we can createsurfacepatchesfor a single voxel, we can apply this processto the entire
volume. We canprocessthevolumein slabs,whereeachslabis comprisedof 2 slicesof pixels. We can
eithertreateachcubeindependently, or we canpropogateedgeintersectionsbetweencubeswhich share
theedges.Thissharingcanalsobedonebetweenadjacentslabs,which increasesstorageandcomplexity a
bit, but savesin computationtime. Thesharingof edge/vertex informationalsoresultsin a morecompact
model,andonethatis moreamenableto interpolatedshading.

8.2 Lightfield model

In this sectionour goal is to createa lightfield modelfrom a sceneto rendernew views interactively. Our
approachhasbeenpresentedin a numberof consecutive papers[66, 65, 55]. For renderingnew views
two major conceptsare known in literature. The first one is the geometrybasedconcept. The scene
geometryis reconstructedfrom a streamof imagesanda singletexture is synthesizedwhich is mapped
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ontothis geometry. For this approach,a limited setof cameraviews is sufficient, but speculareffectscan
not behandledappropriately. This approachhasbeendiscussedextensively in this text. Thesecondmajor
conceptis image-basedrendering.This approachmodelsthesceneasa collectionof views all aroundthe
scenewithoutanexactgeometricalrepresentation[76]. New (virtual) viewsarerenderedfrom therecorded
onesby interpolationin real-time.Optionallyapproximategeometricalinformationcanbeusedto improve
theresults[39]. Herewe concentrateon this secondapproach.Up to now, theknown scenerepresentation
hasa fixedregularstructure.If thesourceis animagestreamtakenwith a hand-heldcamera,this regular
structurehasto be resampled.Our goal is to usethe recordedimagesthemselve asscenerepresentation
andto directly rendernew views from them. Geometricalinformationis consideredasfar asit is known
andasdetailedasthetime for renderingallows. Theapproachis designedsuch,thattheoperationsconsist
of projective mappingsonly which can efficiently be performedby the graphicshardware (this comes
very closeto the approachdescribedin [23]). For eachof thesescenemodelingtechniquesthe camera
parametersfor theoriginalviewsaresupposedto beknown. Weretrievethemby applyingknown structure
andmotion techniquesasdescribedin the previous chapters.Local depthmapsarecalculatedapplying
stereotechniqueson rectifiedimagepairsaspreviouslyexplained.

8.2.1 structure and motion

To do a denselightfield modelingas describedbelow, we needmany views from a scenefrom many
directions.For this,wecanrecordanextendedimagesequencemoving thecamerain azigzaglikemanner.
The cameracancrossits own moving pathseveral timesor at leastgetscloseto it. Known calibration
methodsusuallyonly considerthe neighborhoodswithin the imagestream.Typically no linking is done
betweenviews whosepositionis closeto eachotherin 3-D spacebut which have a largedistancein the
sequence.To deal with this problem,we thereforeexploit the 2-D topologyof the cameraviewpoints
to further stabilizethe calibration. We processnot only the next sequentialimagebut searchfor those
imagesin thestreamthatarenearestin thetopologyto thecurrentviewpoint. Typically we canestablish
a reliablematchingto 3-4 neighboringimageswhich improvesthe calibrationconsiderably. The details
weredescribedin Section5.2.2.We will alsoshow how to uselocal depthmapsfor improving rendering
results.To thisenddensecorrespondencemapsarecomputedfor adjacentimagepairsof thesequence(see
Chapter7).

8.2.2 Lightfield modelingand rendering

In [85] theappearanceof a sceneis describedthroughall light rays(2D) thatareemittedfrom every 3D
scenepoint, generatinga 5D radiancefunction. Subsequentlytwo equivalentrealizationsof theplenoptic
functionwereproposedin form of thelightfield [76], andthelumigraph[39]. They handlethecasewhen
the observer and the scenecan be separatedby a surface. Hencethe plenoptic function is reducedto
four dimensions.The radianceis representedasa function of light rayspassingthroughthe separating
surface.To createsucha plenopticmodelfor realscenes,a largenumberof views is taken. Theseviews
canbeconsideredasa collectionof light rayswith accordingcolor values.They arediscretesamplesof
the plenopticfunction. The light rayswhich arenot representedhave to be interpolatedfrom recorded
onesconsideringadditionalinformationon physicalrestrictions. Often real objectsaresupposedto be
lambertian,meaningthatonepointof theobjecthasthesameradiancevaluein all possibledirections.This
implies that two viewing rayshave the samecolor value,if they intersectat a surfacepoint. If specular
effectsoccur, this is not trueany more.Two viewing raysthenhavesimilarcolorvaluesif theirdirectionis
similar andif their point of intersectionis neartherealscenepoint which originatestheir color value.To
rendera new view we supposeto have a virtual cameralooking at thescene.We determinethoseviewing
rayswhich arenearestto thoseof this camera.Thenearera ray is to a givenray, thegreateris its support
to thecolorvalue.

The original 4D lightfield [76] datastructureemploys a two-planeparameterization.Eachlight ray
passesthroughtwoparallelplaneswith planecoordinates� ) �T� � and � � �  C� . The �B� �  l� -planeis theviewpoint
planein whichall camerafocalpointsareplacedonregulargrid points.The � ) �T� � -planeis thefocalplane.
New views canbe renderedby intersectingeachviewing ray of a virtual camerawith the two planesat� ) �N� � � �  l� . Theresultingradianceis a look-upinto theregulargrid. For rayspassingin betweenthe � ) �N� �
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and � � �  C� grid coordinatesan interpolationis appliedthat will degradethe renderingquality depending
on the scenegeometry. In fact, the lightfield containsan implicit geometricalassumption,i.e. the scene
geometryis planarandcoincideswith the focal plane. Deviation of the scenegeometryfrom the focal
planecausesimagedegradation(i.e. blurring or ghosting).To usehand-heldcameraimages,thesolution
proposedin [39] consistsof rebinningthe imagesto the regulargrid. Thedisadvantageof this rebinning
stepis thattheinterpolatedregularstructurealreadycontainsinconsistenciesandghostingartifactsbecause
of errorsin thescantilyapproximatedgeometry. Duringrenderingtheeffectof ghostingartifactsis repeated
soduplicateghostingeffectsoccur.

Rendering fr om recordedimages Ourgoalis to overcometheproblemsdescribedin thelastsectionby
relaxingthe restrictionsimposedby the regular lightfield structureandto renderviews directly from the
calibratedsequenceof recordedimageswith useof local depthmaps. Without loosingperformancethe
original imagesaredirectlymappedontooneor moreplanesviewedby a virtual camera.

To obtaina high-quality image-basedscenerepresentation,we needmany views from a scenefrom
many directions. For this, we can recordan extendedimagesequencemoving the camerain a zigzag
like manner. The cameracan crossits own moving path several times or at leastgetscloseto it. To
obtaina goodquality structure-and-motionestimationfrom this type of sequenceit is importantto use
the extensionsproposedin Section5.2 to matchcloseviews that are not predecessorsor successorsin
the imagestream.To allow to constructthe local geometricalapproximationdepthmapsshouldalsobe
computedasdescribedin theprevioussection.

Fixed plane approximation In a first approach,weapproximatethescenegeometryby a singleplane�
by minimizing the leastsquareerror. We mapall givencameraimagesontoplane � andview it through
a virtual camera. This can be achieved by directly mappingthe coordinates� � � � � of image � onto the
virtual cameracoordinatesÜ �v¡T�R¡ �&Ý¾Þ � � � ¡íÜ � � � � �$Ý�Þ . Thereforewe canperforma direct look-up into
theoriginally recordedimagesanddeterminetheradianceby interpolatingtherecordedneighboringpixel
values.This techniqueis similar to the lightfield approach[76] which implicitly assumesthe focal plane
asthe planeof geometry. Thusto constructa specificview we have to interpolatebetweenneighboring
views. Thoseviews give themostsupportto thecolor valueof a particularpixel whoseprojectioncenter
is closeto the viewing ray of this pixel. This is equivalentto the fact that thoseviews whoseprojected
cameracentersarecloseto its imagecoordinategive themostsupportto a specifiedpixel. We restrictthe
supportto thenearestthreecameras(seeFigure8.7). We projectall cameracentersinto thevirtual image
andperforma 2D triangulation. Thenthe neighboringcamerasof a pixel aredeterminedby the corners
of the trianglewhich this pixel belongsto. Eachtriangleis drawn asa sumof threetriangles. For each
camerawe look up the color valuesin the original imagelike describedabove andmultiply themwith
weight 1 at the correspondingvertex andwith weight 0 at both othervertices. In between,the weights
are interpolatedlinearly similar to the Gouraudshading. Within the triangle the sumof weightsis 1 at
eachpoint. The total imageis built up asa mosaicof thesetriangles. Although this techniqueassumes
a very sparseapproximationof geometry, the renderingresultsshow only small ghostingartifacts(see
experiments).

View-dependentgeometry approximation The resultscan be further improved by consideringlocal
depthmaps.Spendingmoretime for eachview, wecancalculatetheapproximatingplaneof geometryfor
eachtrianglein dependenceon theactualview. This improvestheaccuracy furtherastheapproximation
is notdonefor thewholescenebut just for thatpartof theimagewhich is seenthroughtheactualtriangle.
The depthvaluesare given as functions �O� of the coordinatesin the recordedimages �O�/�2� � �\� . They
describethe distanceof a point to the projectioncenter. Using this depthfunction, we calculatethe 3D
coordinatesof thosescenepointswhich have the same2D imagecoordinatesin the virtual view as the
projectedcameracentersof therealviews. The3D point �C� whichcorrespondsto view � canbecalculated
as �l�§� ) �O�/�6���"ÿ ¡ ��¢@�2ÿl� �Áÿ ¡ � Â ÿl� (8.6)

where ¢@� ¢l�T� £¤ £ ¤ and
) � sign � � � � î �2ÿl�Ô�¯ÿ ¡ �/� with

� � � the third row of �µ� is neededfor a correct

orientation. We caninterpretthe points �l� asthe intersectionof the line ÿ ¡ ÿC� with the scenegeometry.
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Figure8.7: Drawing trianglesof neighboringprojectedcameracentersandapproximatinggeometryby
oneplanefor thewholescene,for onecameratriple or by severalplanesfor onecameratriple.

Knowing the3D coordinatesof trianglecorners,we candefinea planethroughthemandapply thesame
renderingtechniqueasdescribedabove.

Finally, if thetrianglesexceeda givensize,they canbesubdividedinto four sub-trianglesby splitting
the threesidesinto two parts,each. For eachof thesesub-triangles,a separateapproximative planeis
calculatedin theabovemanner. Wedeterminethemidpointof thesideandusethesamelook-upmethodas
usedfor radiancevaluesto find thecorrespondingdepth.After that,wereconstructthe3D pointandproject
it into the virtual cameraresultingin a point nearthe sideof the triangle. Of course,furthersubdivision
canbedonein thesamemannerto improveaccuracy. Especially, if just few trianglescontributeto asingle
virtual view, thissubdivisionis reallynecessary. It shouldbedonein aresolutionaccordingto performance
demandsandto thecomplexity of geometry.

8.2.3 Experiments

We have testedour approacheswith an uncalibratedsequenceof 187 imagesshowing an office scene.
Figure8.8 (left) shows oneparticularimage. A digital consumervideo camerawassweptfreely over a
clutteredsceneonadesk,coveringaviewing surfaceof about

� ¡ �
. Figure8.8(right) showsthecalibration

result. Figure8.9 illustratesthe successof the modifiedstructureandmotion algorithmasdescribedin
Section5.2.2. Featuresthat arelost arepicked up againwhenthey reappearin the images.Figure8.10
(left) shows thecalibrationresultswith theviewpoint mesh.Oneresultof a reconstructedview is shown
in Figure 8.10 (right). Figure 8.11 shows details for the different methods. In the caseof one global
plane(left image),the reconstructionis sharpwherethe approximatingplaneintersectsthe actualscene
geometry. The reconstructionis blurredwherethe scenegeometrydivergesfrom this plane. In the case
of local planes(middle image),at thecornersof thetriangles,thereconstructionis almostsharp,because
therethescenegeometryis considereddirectly. Within a triangle,ghostingartifactsoccurwherethescene
geometrydivergesfrom the particularlocal plane. If thesetrianglesaresubdivided (right image)these
artifactsarereducedfurther.
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Figure8.8: Imageof thedesksequence(left) andresultof calibrationstep(right). Thecamerasarerepre-
sentedby little pyramids.
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Figure8.9: Trackingof thepointsover thesequence.Points(vertical)versusimages(horizontal).
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Figure8.10:Calibrationresultandviewpointmesh(left)andreconstructedsceneview usingoneplaneper
imagetriple.

Figure8.11:Detailsof renderedimagesshowing thedifferencesbetweentheapproaches:oneglobalplane
of geometry(left), onelocalplanefor eachimagetriple (middle)andrefinementof localplanes(right).
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8.2.4 conclusion

In this section,we have shown how the proposedapproachfor modelingfrom imagescould easily be
extendedto allow the acquisitionof lightfield models. The quality of renderedimagescanbe variedby
adjustingthe resolutionof the consideredscenegeometry. Up to now, our approachesarecalculatedin
software.But they aredesignedsuch,thatusingalphablendingandtexturemappingfacilitiesof graphics
hardware,renderingcanbedonein real-time.More detailson this approachcanbefoundin [66, 65, 55].

8.3 Fusionof realand virtual scenes

Another interestingpossibility offered by the presentedapproachis to combinereal and virtual scene
elements.This allows to augmentreal environmentswith virtual objects. A first approachconsistsof
virtualizing the real environmentandthen to placevirtual objectsin it. This canreadily be doneusing
thetechniquespresentedin Section8.1. An exampleis shown in Figure8.12. The landscapeof Sagalas-
sos(an archaeologicalsite in Turkey) wasmodeledfrom a dozenphotographstaken from a nearbyhill.
Virtual reconstructionsof ancientmonumentshave beenmadebasedon measurementsandhypothesesof
archaeologists.Both couldthenbecombinedin a singlevirtual world.

Figure8.12:Virtualizedlandscapeof Sagalassoscombinedwith virtual reconstructionsof monuments.

8.3.1 Augmentingvideo footage

Anotherchallengingapplicationconsistsof seamlesslymerging virtual objectswith real video. In this
casethe ultimategoal is to make it impossibleto differentiatebetweenreal andvirtual objects. Several
problemsneedto be overcomebeforeachieving this goal. Amongstthem are the rigid registrationof
virtual objectsinto the real environment,theproblemof mutualocclusionof real andvirtual objectsand
theextractionof theillumination distribution of therealenvironmentin orderto renderthevirtual objects
with this illumination model.
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Herewe will concentrateon the first of theseproblems,althoughthe computationsdescribedin the
previous sectionalsoprovide mostof the necessaryinformationto solve for occlusionsandother inter-
actionsbetweentherealandvirtual componentsof theaugmentedscene.Accurateregistrationof virtual
objectsinto a realenvironmentis still a challengingproblems.Systemsthat fail to do sowill fail to give
the usera real-life impressionof the augmentedoutcome. Sinceour approachdoesnot usemarkersor
a-priori knowledgeof the sceneor the camera,this allows us to dealwith video footageof unprepared
environmentsor archivevideofootage.Moredetailson thisapproachcanbefoundin [14].

An importantdifferencewith theapplicationsdiscussedin theprevioussectionsis that in this caseall
framesof theinputvideosequencehaveto beprocessedwhile for 3D modelingoftenasparsesetof views
is sufficient. Therefore,in this casefeaturesshouldbetrackedfrom frameto frame.As alreadymentioned
in Section5.1 it is importantthat the structureis initialized from framesthat aresufficiently separated.
Anotherkey componentis the bundleadjustment.It doesnot only reducethe frameto framejitter, but
removesthelargestpartof theerrorthatthestructureandmotionapproachaccumulatesoverthesequence.
Accordingto our experienceit is very importantto extendtheperspective cameramodelwith at leastone
parameterfor radialdistortionto obtainanundistortedmetricstructure(this will beclearlydemonstrated
in theexample).Undistortedmodelsarerequiredto positionlargervirtual entitiescorrectlyin themodel
andto avoid drift of virtual objectsin theaugmentedvideosequences.Notehoweverthatfor therendering
of thevirtual objectsthecomputedradialdistortioncanmostoftenbeignored(exceptfor sequenceswhere
radialdistortionis immediatelynoticeablefrom singleimages).

examples A first set of experimentswascarriedout on video sequencesof the Béguinage in Leuven
(the sameas in Figure 9.7). The sequencewas recordedwith a digital camcorderin progressive-scan
modeto avoid interlacingproblems. Oncethe structureand motion hasbeencomputed,the next step
consistsof positioningthe virtual objectswith respectto the real scene. This processis illustratedin
Figure 8.13. The virtual objectsare positionedwithin the computed3D structure. To allow a precise
positioning,feedbackis immediatelygiven by renderingthe virtual object in someselectedkey-frames.
After satisfactory placementof eachsingle virtual object the computedcameracorrespondingto each
imageis usedto renderthevirtual objectson top of thevideo. Anti-aliasingcanbeobtainedby merging
multiple views of the virtual objectsobtainedwith a small offseton the principalpoint. Someframesof
theBéguinagevideosequenceaugmentedwith a cubearealsoshown in Figure8.13.

Anotherexamplewasrecordedat Sagalassosin Turkey, wherethe footageof the ruins of an ancient
fountainwastaken.The fountainvideosequenceconsistsof 250frames.A largepartof theoriginalmon-
umentis missing.Basedon resultsof archaeologicalexcavationsandarchitecturalstudies,it waspossible
to generateavirtual copy of themissingpart.Usingtheproposedapproachthevirtual reconstructioncould
be placedbackon the remainsof the original monument,at leastin the recordedvideo sequence.This
materialis of greatinterestto the archaeologists,not only for educationanddissemination,but alsofor
fund raisingto achieve a real restorationof thefountain. Thetop partof Figure8.14shows a top view of
the recoveredstructurebeforeandafterbundle-adjustment.Besidesthe larger reconstructionerror it can
alsobenoticedthatthenon-refinedstructureis slightly bent.Thiseffectmostlycomesfrom not takingthe
radialdistortioninto accountin the initial structurerecovery. Therefore,a bundleadjustmentthatdid not
modelradial distortionwould not yield satisfyingresults. In the restof Figure8.14someframesof the
augmentedvideoareshown.

8.4 Conclusion

In this chapterdifferentmethodswereproposedto obtain3D modelsfrom datacomputedasdescribedin
thepreviouschapters.Theflexibility of theapproachalsoallowedus to computeplenopticmodelsfrom
imagesequencesacquiredwith a hand-heldcameraandto developea flexible augmentedreality system
thatcanaugmentvideoseamlessly.
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Figure8.13:Béguinagesequence:positioningof virtual object(top),framesof videoaugmentedwith cube
(bottom).
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Figure8.14:Fusionof realandvirtual fountainparts.Top: structure-and-motionrecoverybeforeandafter
bundleadjustment.Bottom: 6 of the250framesof thefusedvideosequence
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Chapter 9

Someresults

In this chapterwe will focuson theresultsobtainedby thesystemdescribedin thepreviouschapter. First
somemoreresultson3D reconstructionfrom photographsaregiven.Thentheflexibility of ourapproachis
shown by reconstructinganamphitheaterfrom old film footage.Finally severalapplicationsin archaeology
arediscussed.Theapplicationof oursystemto theconstructionof avirtual copy of thearchaeologicalsite
of Sagalassos(Turkey) –a virtualizedSagalassos–is described.Somemorespecificapplicationsin the
field of archaeologyarealsodiscussed.

9.1 Acquisition of 3D modelsfr om photographs

The main applicationfor our systemis the generationof 3D modelsfrom images. Oneof the simplest
methodsto obtaina 3D modelof a sceneis thereforeto usea photocameraandto shoota few picturesof
thescenefrom differentviewpoints.Realistic3D modelscanalreadybeobtainedwith a restrictednumber
of images.This is illustratedin this sectionwith a detailedmodelof apartof a Jaintemplein India.

A Jain Templein Ranakpur

Theseimagesweretakenduringatouristtrip afterICCV’98 in India. A sequenceof imageswastakenof a
highly decoratedpartof oneof thesmallerJaintemplesatRanakpur, India. Theseimagesweretakenwith a
standardNikonF50photocameraandthenscanned.All theimageswhichwereusedfor thereconstruction
canbe seenin Figure9.1. Figure9.2 shows the reconstructedinterestpointstogetherwith the estimated
poseandcalibrationof thecamerafor thedifferentviewpoints.Notethatonly 5 imageswereusedandthat
the global changein viewpoint betweenthesedifferentimagesis relatively small. In Figure9.3 a global
view of thereconstructionis given. In thelower partof theimagethetexturehasbeenleft out sothat the
recoveredgeometryis visible. Note the recoveredshapeof the statuesanddetailsof the templewall. In
Figure9.4 two detailviews from verydifferentanglesaregiven.Thevisualquality of theseimagesis still
veryhigh. Thisshowsthattherecoveredmodelsallow to extrapolateviewpointsto someextent.Sinceit is
difficult to give animpressionof 3D shapethroughimageswe have put threeviews of thesamepart–but
slightly rotatedeachtime–in Figure9.5. This reconstructionshows that theproposedapproachis ableto
recover realistic3D modelsof complex shapes.To achieve this no calibrationnor prior knowledgeabout
thescenewasrequired.

93
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Figure9.1: Photographswhich wereusedto generatea3D modelof adetailof a Jaintempleof Ranakpur.

Figure9.2: Reconstructionof interestpointsandcameras.Thesystemcouldautomaticallyreconstructa
realistic3D modelof this complex scenewithout any additionalinformation.
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Figure9.3: Reconstructionof a partof a Jaintemplein Ranakpur(India). Both textured(top) andshaded
(bottom)viewsaregivento giveanimpressionof thevisualqualityandthedetailsof therecoveredshape.
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Figure9.4: Two detailviewsof thereconstructedmodel.

Figure9.5: Threerotatedviewsof a detailof thereconstructedmodel.
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Figure9.6: View of theBéguinagesof Leuven

The Béguinagesof Leuven

Having university buildings on the UNESCOWorld Heritagelist, we couldn’t resistapplying our 3D
modelingtechniquesto it. In Figure9.6 a view of theBéguinagesof Leuvenis given. Narrow streetsare
not very easyto model.Usingthepresentedtechniquewe wereableto reconstruct3D modelsfrom video
sequencesacquiredwith a digital videocamera.This wasonly madepossiblethroughtheuseof thepolar
rectificationsincetheepipoleswerealwayslocatedin the image.An exampleof a rectifiedimagepair is
givenin Figure9.7. Notethat thetop partof therectifiedimagescorrespondto theepipole.In Figure9.8
threeorthographicviews of thereconstructionobtainedfrom a singleimagepair areshown. Theseallow
to verify the metric quality of the reconstruction(e.g. orthogonalityandparallelism). To have a more
completemodelof the reconstructedstreetit is necessaryto combineresultsfrom morethanoneimage
pair. Thiscouldfor examplebedoneusingthevolumetricapproachpresentedin Section8.1.2).A simpler
approachconsistsof loadingdifferentsurfacesat the sametime in the visualizationsoftware. Thereis
no needfor registrationsincethis wasautomaticallyperformedduringthestructureandmotionrecovery.
Figure9.9containsfour viewsof amodelconsistingof 7 independentlyreconstructed3D surfaces.

Figure9.7: Rectifiedimagepair (correspondingpixelsareverticallyaligned).
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Figure9.8: Orthographicviews of a reconstructionobtainedfrom a single imagepair: front (left), top
(middle)andside(right).

Figure9.9: Viewsof a reconstructionobtainedby combiningresultsfrom moreimages.
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Figure9.10:Thissequencewasfilmed from ahelicopterin 1990by acameramanof thebelgiantelevision
to illustrateaTV programon Sagalassos(anarchaeologicalsitein Turkey).

9.2 Acquisition of 3D modelsfr om pre-existingimagesequences

Herethereconstructionof theancienttheaterof Sagalassosis shown. Sagalassosis anarchaeologicalsite
in Turkey. More resultsobtainedat this site arepresentedin Sections9.3 and9.4. The reconstructionis
basedon a sequencefilmed by a cameramanfrom theBRTN (BelgischeRadioenTelevisie vandeNeder-
landstaligegemeenschap)in 1990.Thesequencewasfilmed to illustratea TV programaboutSagalassos.
Becauseof themotiononly fields–andnot frames–couldbeused.Theresolutionof theimageswe could
usewasthusrestrictedto ¿oÀ
ØÔÇ * Ø{Ø . Thesequenceconsistedof abouthundredimages,every tenthimage
is shown in Figure9.10.We recordedapproximately3 imagespersecond.

In Figure9.11thereconstructionof interestpointsandcamerasis given.This shows thattheapproach
candealwith long imagesequences.

Densedepthmapswere generatedfrom this sequenceand a densetextured 3D surfacemodel was

Figure9.11:Thereconstructedinterestpointsandcameraposesrecoveredfrom theTV sequence.
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Figure9.12:Someviewsof thereconstructedmodelof theancienttheaterof Sagalassos.

constructedfrom this. Someviewsof this modelaregivenin Figure9.12.

9.3 Virtualizing archaeologicalsites

Virtual reality is a technologythatoffers promisingperspectivesfor archaeologists.It canhelp in many
ways.New insightscanbegainedby immersionin ancientworlds,unaccessiblesitescanbemadeavailable
to a globalpublic,coursescanbegiven“on-site” anddifferentperiodsor building phasescancoexist.

One of the main problemshowever is the generationof thesevirtual worlds. They requirea huge
amountof on-sitemeasurements.In additionthewholesitehasto bereproducedmanuallywith aCAD- or
3D modelingsystem.This requiresa lot of time. Moreover it is difficult to modelcomplex shapesandto
takeall thedetailsinto account.Obtainingrealisticsurfacetextureis alsoa critical issue.As aresultwalls
areoftenapproximatedby planarsurfaces,stonesoftenall get thesametexture,statuesareonly crudely
modeled,smalldetailsareleft out,etc.

An alternative approachconsistsof usingimagesof thesite. Somesoftwaretoolsexist, but requirea
lot of humaninteraction[95] or preliminarymodels[22]. Our systemoffersuniquefeaturesin this con-
text. Theflexibility of acquisitioncanbevery importantfor field measurementswhich areoftenrequired
on archaeologicalsites. The fact that a simplephotocameracanbe sufficient for acquisitionis an im-
portantadvantagecomparedto methodsbasedon theodolitesor otherexpensive hardware. Especiallyin
demandingweatherconditions(e.g.dust,wind, heat,humidity).

Theancientsiteof Sagalassos(south-westTurkey) wasusedasa testcaseto illustratethepotentialof
theapproachdevelopedin this work. Theimageswereobtainedwith a consumerphotocamera(digitized
on photoCD)andwith aconsumerdigital videocamera.

9.3.1 Virtualizing scenes

The3D surfaceacquisitiontechniquethatwehavedevelopedcanbeappliedreadilyto archaeologicalsites.
Theon-siteacquisitionprocedureconsistsof recordinganimagesequenceof thescenethatonedesiresto
virtualize. To allow for thealgorithmsto yield goodresultsviewpointchangesbetweenconsecutiveimages
shouldnot exceed5 to 10 degrees.An exampleof sucha sequenceis givenin Figure9.13. Theresultfor
theimagesequenceunderconsiderationcanbeseenin Figure9.14.An importantadvantageis thatdetails
likemissingstones,notperfectlyplanarwallsor symmetricstructuresarepreserved.In additionthesurface
textureis directlyextractedfrom theimages.Thisdoesnotonly resultin amuchhigherdegreeof realism,
but is alsoimportantfor theauthenticityof thereconstruction.Thereforethereconstructionsobtainedwith
this systemcouldalsobeusedasa scalemodelon which measurementscanbecarriedout or asa tool for
planningrestorations.
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Figure9.13: Imagesequencewhich wasusedto build a3D modelof thecornerof theRomanbaths

Figure9.14:Virtualizedcornerof theRomanbaths,on theright somedetailsareshown

As asecondexample,thereconstructionof theremainsof anancientfountainis shown. In Figure9.15
threeof thesix imagesusedfor thereconstructionareshown. All imagesweretakenfrom thesameground
level. They were acquiredwith a digital camerawith a resolutionof approximately1500x1000. Half
resolutionimageswereusedfor the computationof the shape.The texture wasgeneratedfrom the full
resolutionimages.

Thereconstructioncanbeseenin Figure9.16,the left sideshows a view with texture, the right view
givesa shadedview of the modelwithout texture. In Figure9.17 two close-upshotsof the model are
shown.

9.3.2 Reconstructingan overview model

A first approachto obtaina virtual reality modelfor a wholesiteconsistsof takinga few overview pho-
tographsfrom thedistance.Sinceour techniqueis independentof scalethis yieldsanoverview modelof
the wholesite. The only differencewith themodelingof smallerobjectsis the distanceneededbetween
two cameraposes.For mostactivetechniquesit is impossibleto copewith scenesof thissize.Theuseof a
stereorig would alsobevery hardsincea baselineof severaltensof meterswould berequired.Therefore
oneof thepromisingapplicationsof theproposedtechniqueis largescaleterrainmodeling.

In Figure9.18,3 of the9 imagestakenfrom a hillside neartheexcavationsiteareshown. Thesewere
usedto generatethe3D surfacemodelseenin Figure9.19. In additiononecanseefrom theright sideof
this figurethat this modelcouldbeusedto generatea Digital TerrainMap or anorthomapat low cost. In
thiscaseonly 3 referencemeasurements–GPSandaltitude–arenecessaryto localizeandorientthemodel
in theworld referenceframe.
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Figure9.15:Threeof thesix imagesof theFountainsequence

Figure9.16:Perspectiveviewsof thereconstructedfountainwith andwithout texture

Figure9.17:Close-upviewsof somedetailsof thereconstructedfountain
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Figure9.18:Someof theimagesof theSagalassosSitesequence

Figure 9.19: Perspective views of the 3D reconstructionof the Sagalassossite (left). Top view of the
reconstructionof theSagalassossite(right).
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Figure9.20: Integrationof modelsof differentscales:siteof Sagalassos,Romanbathsandcornerof the
Romanbaths.

9.3.3 Reconstructionsat different scales

Theproblemis thatthiskind of overview modelis toocoarseto beusedfor realisticwalk-throughsaround
thesiteor for looking at specificmonuments.Thereforeit is necessaryto integratemoredetailedmodels
into this overview model. This canbe doneby taking additionalimagesequencesfor all the interesting
areason the site. Theseareusedto generatereconstructionsof the site at differentscales,going from a
globalreconstructionof thewholesiteto a detailedreconstructionfor everymonument.

Thesereconstructionsthusnaturallyfill in thedifferentlevelsof detailswhich shouldbeprovidedfor
optimalrendering.In Figure9.20anintegratedreconstructioncontainingreconstructionsat threedifferent
scalescanbeseen.

At thispointtheintegrationwasdoneby interactively positioningthelocalreconstructionsin theglobal
3D model.This is acumbersomeproceduresincethe7 degreesof freedomof thesimilarity ambiguityhave
to betakeninto account.Researchersareworking on methodsto automatethis. Two differentapproaches
arepossible.The first approachis basedon matchingfeatureswhich arebasedon bothphotometricand
geometricproperties,thesecondon minimizing a globalalignmentmeasure.A combinationof bothap-
proacheswill probablyyield thebestresults.

9.4 Mor eapplications in archaeology

Sincethese3D modelscanbegeneratedautomaticallyandtheon-siteacquisitiontimeis veryshort,several
new applicationscometo mind. In this sectiona few possibilitiesareillustrated.

9.4.1 3D stratigraphy

Archaeologyis oneof thescienceswereannotationsandprecisedocumentationaremostimportantbecause
evidenceis destroyedduringwork. An importantaspectof thisis thestratigraphy. Thisreflectsthedifferent
layersof soil thatcorrespondto differenttime periodsin anexcavatedsector. Dueto practicallimitations
this stratigraphyis oftenonly recordedfor someslices,not for thewholesector.

Our techniqueallowsamoreoptimalapproach.For every layera complete3D modelof theexcavated
sectorcanbe generated.Sincethis only involvestaking a seriesof picturesthis doesnot slow down the
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Figure9.21:3D stratigraphy, theexcavationof aRomanvilla at two differentmoments.

Figure 9.22: Two imagesof partsof broken pillars (top) and two orthographicviews of the matching
surfacesgeneratedfrom the3D models(bottom)

progressof thearchaeologicalwork. In additionit is possibleto modelartifactsseparatelywhicharefound
in theselayersandto includethemodelsin thefinal 3D stratigraphy.

This conceptis illustratedin Figure9.21. The excavationsof an ancientRomanvilla at Sagalassos
wererecordedwith our technique.In thefigurea view of the3D modelof theexcavation is providedfor
two differentlayers.

9.4.2 Generatingand testingbuilding hypotheses

The techniquealsohasa lot to offer for generatingandtestingbuilding hypotheses.Due to the easeof
acquisitionand the obtainedlevel of detail, onecould reconstructevery building block separately. The
differentconstructionhypothesescantheninteractively beverifiedon a virtual building site.Sometesting
couldevenbeautomated.

Thematchingof the two partsof Figure9.22for examplecouldbeverifiedthrougha standardregis-
trationalgorithm[13]. An automaticprocedurecanbe importantwhendozensof brokenpartshave to be
matchedagainsteachother.
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Figure9.23: On the left oneof theinput imagescanbeseenwith themeasuredreferencepointssuperim-
posed.On theright thecloudof reconstructedpointsis shown.

9.5 Ar chitecture and heritageconservation

At this momentmany architectsinvolvedin conservationstill work in thetraditionalway. They usehand-
measured(tapes,plumb-bobs,levels...) or instrumentbased(theodolite,total station,photogrammetry)
survey methods.This informationis usuallytransferredto 2D paperdrawings:plans,sectionsandfacades.
Themaindrawbackof thisapproachis thatall informationisdistributedin differenttypesof documents(2D
drawings, texts, photographs...).This makesit oftenvery difficult for policy makers,engineersor others
personsinvolvedin oneparticularphaseof theprocess,to getacompleteandunambiguousoverview of the
availableinformation.In addition,it is verydifficult to usethismaterialfor exchangewith otherarchitects
or researchers(for comparative studies...) or for distribution to the public (publicationsin periodicals,
touristinformation...).

As many architectsare shifting towardscomputer-aideddesignfor new buildings, they also try to
apply theseprogramsto renovationor conservation projects. However, the numberof tools availableto
accomplishthetaskof ’getting theexisting building in theCAD program’is limited, andmainly directed
to ’ translate’traditionalmethodsto CAD (automaticimport of full stationco-ordinates,error-adjustment
of triangulation...).Basedon a limited numberof actuallymeasuredpoints,2D plansandsectionsor a 3D
modelcanbeconstructed.This typically resultsin avery ’simplified’ representationof thebuilding, which
is absolutelynot in line with thehigh requirementsfor conservationpurposes.

Thetechnologypresentedin thesenotescanbeveryusefulin thiscontext. Wehaveanongoingproject
with architectsthataimsat developinga technologythatenablesanoperatorto build up anaccuratethree
dimensionalmodel- without too muchrepetitivework - startingfrom photosof theobjects.For a number
of reasons,suchastheneedfor absolutecoordinates,thechoicewasmadeto alsomeasurereferencepoints
usinga theodolyte.This allows to simplify a numberof calibrationissues.In Figure9.23anexampleis
shown. A moredetaileddescriptionof this projectcanbefoundin [90].
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Figure9.24: Digital ElevationMap generationin detail. Thefigurecontainstheleft rectifiedimage(left),
thecorrespondingdisparitymap(middle)andtheright rectifiedimage(right). The3D line Á corresponding
to a point of theDEM projectsto Á)Â resp. Á �

. Throughthedisparitymaptheshadowof Á)Â on theright
imagecan also be computed. The intersectionpoint of Á �

and Á)Â correspondsto the point where Á
intersectsthesurface.

Figure9.25:Mosaicof imagesof thetestbedtakenby thestereohead.

9.6 Planetary rover control

In this sectiona systemis presentedthatwe developedfor ESA for thesupportof planetaryexploration.
Moreinformationcanbefoundin [163, 164, 165]. Thesystemthatis sendto theplanetarysurfaceconsists
of aroverandlander. Thelanderhasastereoheadequippedwith apan-tiltmechanism.Thisvisionsystem
is usedbothfor modelingof theterrainandfor localizationof therover. Both tasksarenecessaryfor the
navigationof the rover. Due to the stressthatoccursduring the flight a recalibrationof the stereovision
systemis requiredonceit is deployedon the planet. Due to practicallimitations it is infeasibleto usea
known calibrationpatternfor this purposeandthereforea new calibrationprocedurehadto bedeveloped
that canwork on imagesof the planetaryenvironment. This automaticprocedurerecovers the relative
orientationof thecamerasandthepan-andtilt-axis, besidestheexteriororientationfor all theimages.The
sameimagesaresubsequentlyusedto recoverthe3D structureof theterrain.For thispurposeadensestereo
matchingalgorithmis usedthat -after rectification-computesa disparitymap. Finally, all the disparity
mapsaremergedinto a singledigital terrainmodel. This procedureis illustratedin Figure9.24. Thefact
that thesameimagescanbeusedfor bothcalibrationand3D reconstructionis importantsincein general
the communicationbandwidthis very limited. In addition to the usefor navigation andpathplanning,
the 3D modelof the terrainis alsousedfor Virtual Reality simulationof the mission,in which casethe
modelis texturemappedwith theoriginal images.A first testof thecompletesystemwasperformedat the
ESA-ESTECtestfacilities in Noordwijk (The Netherlands)whereaccessto a planetarytestbedof about
7 by 7 meterswas available. The Imaging Headwas set up next to the testbed. Its first task was the
recordingof the terrain. A mosaicof the picturestaken by this processcanbe seenin figure 9.25. The
autonomouscalibrationprocedurewaslaunchedandit computedthe extrinsic calibrationof the cameras
basedontheimages.Oncethecalibrationhadbeencomputedthesystemrectifiedtheimagesandcomputed
densedisparitymaps.Basedon these,a Digital ElevationMap wasconstructed.Theresultcanbeseenin
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Figure9.26: Digital ElevationMap of theESTECplanetarytestbed.A significantamountof cells is not
filled in becausethey arelocatedin occludedareas.

figure9.26.Becauseof therelatively low heightof theImagingHead(approximately1.5metersabovethe
testbed)andthebig rocksin thetestbed,a largeportionof theDigital ElevationMapcouldnot befilled in
becauseof occlusions.

It canbeexpectedthatglobalterrainmodelwill not besufficiently accurateto achieve fine steeringof
theroverfor somespecificoperations.An importanttaskof therover is to carryoutsurfacemeasurements
on interestingrocks.For thispurposeit is importantto beableto veryaccuratelypositionthemeasurement
device. Sinceprobablythe rover will alsobe equippedwith a (single)camerathe techniqueproposedin
this text couldbeusedto reconstructa localmodelof aninterestingrockwhile therover is approachingit.
A preliminarytestwascarriedout on arock in theESA testbed.Someresultscanbeseenin Figure9.27.

9.7 Conclusion

Theflexibility of theproposedsystemsallowsapplicationsin many domains.In somecasesfurtherdevel-
opmentswould be requiredto do so, in othersthe system(or partsof it) could just be usedasis. Some
interestingareasare forensics(e.g.crime scenereconstruction),robotics(e.g.autonomousguidedvehi-
cles),augmentedreality (e.g.cameratracking)or post-production(e.g.generationof virtual sets).

In this chaptersomeresultswerepresentedin moredetail to illustratethepossibilitiesof this work. It
wasshown that realistic3D modelsof existing monumentscould be obtainedautomaticallyfrom a few
photographs.Theflexibility of thetechniqueallows it to beusedon existing photoor videomaterial.This
wasillustratedthroughthereconstructionof anancienttheaterfrom avideoextractedfrom thearchivesof
theBelgiantelevision.

The archaeologicalsite of Sagalassos(Turkey) wasusedasa testcasefor our system.Several parts
of the site weremodeled. Sinceour approachis independentof scaleit was also usedto obtain a 3D
modelof thewholesiteat once.Somepotentialapplicationsarealsoillustrated,i.e. 3D stratigraphyand
generating/testingbuilding hypotheses.A few otherpossibleapplicationswerealsobriefly discussed.
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Figure9.27:Differentstepsof the3D reconstructionof a rock from images.
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Appendix A

Bundle adjustment

Oncethe structureandmotion hasbeenobtainedfor the whole sequence,it is recommendedto refineit
througha global minimizationstep. A maximumlikelihoodestimationcanbe obtainedthroughbundle
adjustment[12, 134]. The goal is to find the projectionmatrices Ã�#Ä andthe 3D points ÅÆÈÇ for which the
meansquareddistancesbetweenthe observed imagepoints É$Ä Ç andthe reprojectedimagepoints ÅÉ$Ä Ç is
minimized.For Ê viewsand Ë pointsthefollowing criterionshouldbeminimized:ÌÎÍ@ÏÐÑ
Ò1Ó�ÔÕNÖØ×ÙÄ�Ú
ÂbÛÙ Ç Ú
Â�Ü�Ý É Ä ÇNÞ Ã� Ä ÅÆ Çàß � (A.1)

where Ü�Ý ÅÉ Þ É ß is the Euclideanimagedistance. If the imageerror is zero-meanGaussianthen bundle
adjustmentis the Maximum LikelihoodEstimator. Although it canbe expressedvery simply, this mini-
mizationproblemis huge.For a typical sequenceof 20 viewsand2000points,a minimizationproblemin
morethan6000variableshasto besolved.A straight-forwardcomputationis obviouslynot feasible.How-
ever, thespecialstructureof theproblemcanbeexploitedto solve theproblemmuchmoreefficiently. The
observedpoints É Ä Ç beingfixed,a specificresidualá Ä Çãâ Ü�Ý É Ä ÇUÞ � Ä Æ Ç�ß � is only dependenton the pointä
-th point andthe å -th cameraview. This resultsin a sparsestructurefor thenormalequations.Usingthis

structurethepoints
Æ Ç

canbeeliminatedfrom theequations,yielding a muchsmallerbut denserproblem.
Views thathave featuresin commonarenow related.For a long sequencewherefeaturestendto only be
seenin a few consecutive views, thematrix thathasto besolved is still sparse(typically banddiagonal).
In this vcaseit canbevery interestingto makeuseof sparselinearalgebraalgorithms,e.g.[3].

Beforegoingmoreinto detail on efficiently solving thebundleadjustment,the Levenberg-Marquardt
minimizationis presented.Basedonethis anefficient methodfor bundleadjustmentwill beproposedin
SectionA.2.

A.1 Levenberg-Marquardt minimization

Givena vectorrelation æ âèç Ý é ß where é and æ canhave differentdimensionsandanobservation Åæ , we
want to find the vector é which bestsatisfiesthe given relation. More precisely, we are looking for the
vector Åé satisfying Åæ â�ç Ý Åé ßëê Åì for which í Åì í is minimal.

A.1.1 Newton iteration

Newton’s approachstartsfrom an initial value é�î and refinesthis valueusing the assumptionthat
ç

is
locally linear. A first orderapproximationof

ç ÝBé î ê�ïXß yields:ç Ý é�î ê�ïÎßðâ�ç ÝBé�î ß�êòñ�ï (A.2)

with
ñ

theJacobianmatrixand
ï

asmalldisplacement.Undertheseassumptionsminimizing Åì â Åì îvó ñ�ïcanbesolvedthroughlinearleast-squares.A simplederivationyieldsñëô3ñ�ïèâ!ñëô Åìöõ (A.3)
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FigureA.1: Sparsestructureof Jacobianfor bundleadjustment.

Thisequationis calledthenormalequation.Thesolutionto theproblemis foundby startingfrom aninitial
solutionandrefiningit basedonsuccessive iterations

é Ç@÷ Â â é Ç ê�ï Ç (A.4)

with
ï Ç

thesolutionof thenormalequationA.3 evaluatedat é Ç . Onehopesthatthisalgorithmwill converge
to thedesiredsolution,but it couldalsoendup in a local minimumor not convergeat all. This dependsa
lot on theinitial value é�î .
A.1.2 Levenberg-Marquardt iteration

The levenberg-Marquardt iterationis a variationon the Newton iteration. The normalequationsø ï�âñ ô ñ�ïfâ!ñ ô Åì areaugmentedto ø�ù ïèâ!ñ ô Åì whereú�ùÇ	û â Ýsü ê�ý Ç	û�þ ß ú Ç	û with
ý Ç	û

theKroneckerdelta.
The value

þ
is initialized to a small value,e.g. ü6ÿ�� � . If the valueobtainedfor

ï
reducesthe error,

the incrementis acceptedand
þ

is divided by 10 beforethe next iteration. On the other hand, if the
error increasesthen

þ
is multiplied by 10 and the augmentednormal equationsare solved again,until

an incrementis obtainedthat reducesthe error. This is boundto happen,sincefor a large
þ

the method
approachesa steepestdescent.

A.2 Bundle adjustment

The observed points É Ä Ç beingfixed, a specificresidual á Ä ÇXâ Ü�Ý É Ä ÇTÞ Ã� Ä ÅÆ Ç�ß�� is only dependenton the
point

ä
-th point andthe å -th projectionmatrix. This resultsin a very sparsematrix for theJacobian.This

is illustratedin figureA.1 for 3 viewsand4 points.Becauseof theblock structureof theJacobiansolving
thenormalequations

ñ ô ñ���â��
haveastructureasseenin figureA.2. It is possibleto write down explicit

formulasfor eachblock. Let usfirst introducethefollowing notation:	 Ä â Ù Ç Ý

��ÉvÄ Ç
 �� Ä ßNô 
��ÉvÄ Ç
 �� Ä (A.5)


 Ç â Ù Ä Ý

��É Ä Ç
 �Æ Ç ßNô 
��É Ä Ç
 �Æ Ç (A.6)
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FigureA.2: Block structureof normalequations.

� Ä Ç â Ý

��ÉvÄ Ç
 �� Ä ß ô 
��ÉvÄ Ç
 �Æ�Ç (A.7)

� Ý � Ä ß â Ù Ç Ý

��ÉvÄ Ç
 �� Ä ß ô � Ä Ç (A.8)

� Ý ÆÈÇ ß â Ù Ç Ý

��É Ä Ç
 �Æ Ç ßNô � Ä Ç (A.9)

with ���� Ò Ö� �Ñ
Ò and ���� Ò Ö� �ÕNÖ matricescontainingthepartialderivativesfrom thecoordinatesof
�É Ä Ç to theparameters

of
�� Ä and

�Æ Ç
respectively. In this casethenormalequationscanberewrittenas� 	 �� ô 
 � � ï Ý � ßï Ý Æ ß �

â � � Ý � ß� Ý Æ ß � (A.10)

wherethematrices
	 Þ 
 Þ � ÞUï Ý � ß�ÞUï Ý Æ ßGÞ � Ý � ß and � Ý Æ ß arecomposedof theblocksdefinedpreviously.

Assuming



is invertiblebothsidesof equationA.10 multipliedon theleft with��� ó ��
 � Â� � �
to obtain � 	 ó ��
 � Â � ô �� ô 
 � � ï Ý � ßï Ý Æ ß �

â � � Ý � ß ó ��
 � Â � Ý Æ ß� Ý Æ ß � (A.11)

Thiscanbeseparatedin two groupsof equations.Thefirst oneis� 	 ó ��
 � Â � ô�� ï Ý � ßðâ � Ý � ß ó ��
 � Â � Ý Æ ß (A.12)

andcanbeusedto solve for
ï Ý � ß . Thesolutioncanbesubstitutedin theothergroupof equations:ï Ý Æ ßðâ 
 � Â � � Ý�� ß ó � ô ï Ý � ß � (A.13)

Notethatdueto thesparseblockstructureof



its inversecanbecomputedveryefficiently.
The only computationallyexpensive stepconsistof solving equationA.12. This is however much

smallerthantheoriginalproblem.For 20viewsand2000pointstheproblemis reducedfrom solving6000
unknownsconcurrentlyto moreor less200unknowns.To simplify thenotationsthenormalequationswere
usedin this presentation.It is howeversimpleto extendthis to theaugmentednormalequations.
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